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Chapter One

Basic Principles and Review

1.1 Cartesian Coordinates:

Cartesian coordinate, make it possible to graph algebraic equation in two variables,
such as lines and curves. The also allow us to calculate angles and distance, and to
write coordinate equations to describe the paths along which objects move. The
horizontal line is called the x-axis and the vertical line is the y-axis. The point where

the line cross is the origin.

+ve

(0,0)

A
v

1.2 Slope of the line:

When a particle moves from one position in the plane to another, the net changes
in the particle's coordinates are calculated by subtracting the coordinate of starting
point from the coordinates of stopping point.

For example 1, as shown in figure, the path of particle that moved from A to B. the

net change in the x-coordinate was, Ax=6-1=5.

The y-coordinate increased from y=-2 to y=7, so Ay=7-(-2)=9.
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A B(6,7) A
C(2,9)
A(1.-2) Y D23
Example 1 Example 2

Another example 2, the net change in coordinates in moving from C to D along either
path,
Ax=2-2=0 and Ay=-3-5=-8 . Note that values of Ax and Ay do not depend on the path

taken.

1.2.1 Slopes of non vertical lines:
All lines expect the vertical lines have slopes. If L is non vertical line:
Ay = y,-y=rise from P, to P,
AX= X,-X;=run from P; to P,
Since L is non vertical, so that, Ax # 0

A . .
. slope = Ey , the amount of rise per unit of run.

P(x2,y2)

Pi(x1,y1)

v
>
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The horizontal line has slope zero, since Ay=0.

The formula m = slope = % does not apply to vertical lines because Ax=0, so the

slope of vertical lines is undefined because, m = % =00,

Example: Calculate the slope of the line through the point Pi(1,2) and P,(2,5).

Solution:

m:—yz_yl :—5_22323
X, —x, 2-1

m=3 means that y increase 3 units every time x increase 1 units, this mean that change

iny is 3 times change in x (Ay=3Ax).

1.2.2  Angels of Inclination:

The angels of inclination of a line crosses the x-axis is the smallest angle we get
when we measure counterclockwise from the x-axis around the point of intersection.
The angle of inclination of horizontal line is taken to be zero. Thus, angles of
inclination may have any measure from 0° up to but not include 180°.

Slope = m = tan 0 , how?

/ this Ath/ls

X not this X not this
P
’ P,(0,1)
Ay ~
° > 0=150°
Pl AX >
P1(V3,0)
m = slope = LY =tand, m= LY = -1 =-0.577 or, tanb=tan 150°=-0.577
Ax 3
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1.2.3  Parallel and Perpendicular Lines:
Vertical lines have no slopes.

Y L, L,

90° 90°

v

Parallel lines have equal angles of inclination; if they are not vertical they have the
same slopes. Conversely, lines with equal slopes have equal angles of inclination and

therefore parallel.

L L,
mj mp
0, 0

If neither of tow perpendicular lines L; and L, is vertical, their slopes m; and m;, are

related by mymp=-1.

Example: L is perpendicular to line whose slope is (-3/4). Find slope of L?

Solution:
Since, m;=-3/4 , mymy=-1, therefore, m,=4/3.

1.3 Equation of Lines:

An equation of line is an equation that satisfied by coordinate of the points that lies
on the line and is not satisfied by the coordinates of the point that lies else where.
They tell us when lines are vertical and what their slopes are when they are not

vertical.
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- Vertical line:- the standard equation for vertical line through point (a,b) is x=a.

For example, standard equation of vertical line through point (2,-3) is x=2

AY

v
=

(2>'3)

- Non vertical line: if P;(x;,y;) and P(x,y) is another point, then:

m=m , Sy=y, =m(x—x,)
X—Xx,

This called point-slope equation.

Example: write the equation for the line through point (1,2) and slope=-3/4.

Solution:
3
Ly=y, =m(x—x)) , Ly—2=—Z@—D
And, y= 3 x4+ u .
4 4

- Intercepts: the points when a line crosses the x-axis is x-intercept of the line.
To find it, set y=0 in equation of line and solve for x.
- The point when line crosses the y-axis is y-intercept. To find it, set x=0 and
solve fory.
Example: for the line equation y=2x-3
Solution:
Let y=0, the x-intercept is x=3/2
Let x=0, the y-intercept is y=-3.

Therefore, Slope-intercept equation is y=mx-+b.

Example: write the line equation, if the slope=-3/4 and intercept=5

Solution:

3
=——x+5
"
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Example: find the slope and y-intercept for the line 8x+5y=20.
Solution:

5y =-8x+20.
8
=——x+4
4 5
So, m=-8/5 and, b=4.
- Horizontal lines: for horizontal line (m=0) and y=mx+b, therefore, y=b.

- The distance from a point to a line: to calculate the distance between the point

P(x1,y1) and Q(x2,y2), we use the following formula:

d=\(x, =)+, - 1)

Qx .y )
272

v
>~

Example: Find the distance from point P(2,1) to the line L, y=x+2.
Solution:
First find equation of line L* normal on L, through the point P:

SLy=y, =m(x—x)) ,and  mm, = -1
So, my=-1, and y-1=-1(x-2)
Equation of normal is; y=-x+3
Second find the point Q by solving equation of line L with equation of line L';

X+2=-x+3 —> x=1/2 and y=5/2 O

So, the point Q(1/2,5/2) L L
Third, find the distance between P and Q:

A

P(2.1

Mathematics 1 8
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d =, ~x)* +(r, )’

] 5 18 3
d=2-=-)?%+ 1——2=1/—=—\/5 Unit length.
\/( 2) ( 2) ) g

1.4  Functions and Graph:
Function is the relation between the independent variable x, and dependent

variable y, so that, y=f(x).

Examples: find the Domain and Range of following functions:

2 .
y=x domain —o < x <o, and range y >0

domain —1<x<1,andrange 0<y <1

y= 1 domain x # 0 and range y=0
x
y= \/; domain x=>0 and range y=>0
y=+4-x domain x <4 andrange y=>0

1.4.1 Functions Defined in Pieces:
The functions graphed so far have been defined over their domains by single

formulas. Some functions are defined by applying different formulas to different part

of their domains. 4
Example:

—-Xx x<0

=]
yzf(x): x° 0<x<l1 y=-x Y
1 x>1
y=x’
< \ >

Mathematics 1 9
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H.W:

1. Use slopes to determine in each case wither the points are lie on a common straight
line:

. A(1,0), B(0,1), C(2,1)

b. A(-2,1), B(0,5), C(-1,2)

. A(-3,-2), B(-2,0), C(-1,2), D(1,6)

[

o

NS}

. In problem below find the slopes and intercept:

a. xty=2, b.x-2y=4, c.2y=3x+5, d. 3x+4y=12

3. Find the domain and range of the function and graph the function:

a. Fx2+1, b. F—xz, c. y=-(1/x), d.y=(2x)

1.5 Absolute Values:

The absolute value of x:

x if x=20
|x|:\/x_2= TS y=x

-x if x<0

A
v

The function y= x| is graphed as shown above.

Examples:
131=3, lol=0, [-5]=5
Example: solve |2x-3|=7
2x-3=£7 2x=3+7
Either 2x=10 or 2x=-4
So, x=5 or x=-2.

* The absolute value of product of two number is the product of their absolute values,

labl=]al [b]

Mathematics 1 10
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Examples:

|-D@ |=]-1114]=(1)4)=4

13x]=13] [x]=3]x]

|2(x+5)|=-2] [x+5]=2|x+5]

* The absolute value of a sum of two numbers is never larger than the sum of their
absolute value, latbl<|al+|b

Examples:

[0+5=5 <[ol+]5]=0+5=5

|-3+0[=3 <|-3[+|0=3+0=3

13+5]=8 <[3|+]5]=3+5=5

* |a-b|=|b-a| because [a-bl=|(-1)(b-a)|= [-1|[b-a|=|b-a

*lal<c & c<a<c

The inequality |al< 5 says that the distance from (a) to the origin is less than 5 units.
This equivalent to saying that (a) lies between -5 and 5. In symbols:

lal<5<  5<a<5
-5 a 0 5

A
v

Example: Find the values of x that satisfy the inequality |x-5]<9.
h—ﬂ<9
-9<x-5<9
-9+5<x-5+5<9+5
-4<x<l14

Example: Find the values of x that satisfy the inequality
|(3x+1)2|< 1.

3x+1

-1< <1

—-2<3x+1<2
—-3<3x<l1

—l<x<l
3
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H.W

1. |2x+4l<1
2. lex+3l<1
3. Ixl<2

4. |x-1l<2

5. Ix+11<3

6. |2x+21<9
7. 11-2x|<9

1.6  Slope of Curve:
The derivative of the function, let P(x,y) be a point on the graph of the function

y=f(x), if Q(x+Ax, y+Ay) is another point on the graph, then;
y+Ay=f(x+Ax), subtract y=f(x)
Then, Ay= f(x+Ax)-f(x)

the slope of the line PQ is:

dope - A _ S+ A0~ ()
Ax Ax

Slope of the curve at P=lim(slope of PQ)= lim% =lim Slxt AX; mAC)

So, the derivative of function (f ‘prime);

() = i S (X AX) = f(x)
f(x)—hm .

- A function that has derivative at a point x is said to be differentiable at x.
- A function that is differentiable at every point of its domain is said to be
differentiable.

- The most common notation for derivative f *(x), y', dy/dx, and df/dx

Example: find the derivative and slope at x=3 and write equation of tangent? For
f(x):xz,and,f(x):l+\/;
1- For f(x)=x

= lim
Ax—0 Ax Ax—0 Ax Ax—0 Ax

()= tim LOHAD =S (e A () x% + 2xAx + Ax? — 57

Mathematics 1 12
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= grj}) % =2x

Then slope, m =2 * 3 =6 and y=9
Tangent equation is, .. y—y, =m(x—x,)
6x-y=9 = y=06x-9

2- For f(x):1+\/;

)= tim LA 1) L Vxr Ax -1+ A -
Av—0 Ax Ax—0 Ax Ax=0 Ax
_ lim \/x+Ax—\/;X Vx+Ax ++/x _ lim X+ Ax +xfx + Ax —x/x + Ax - x
&S0 Ax Vx+Ax +4/x a0 Axlvx + Ax ++/x)
= lim ! = ! _ !
w0yt Ax+4/x x+dx o 24x
1
slope=m =——= at x=3
v 23
Tangent equation at  x;=3 yi=1+3
Ly=y, =m(x—x)) = x—2\/§y=—(3+2\/§)
1.7 Velocity:

In the interval from time (t) to time (t+At) the body moves from position s=f(t) to

position s+As=f(t+At), for net change or displacement, As=f(t+At)-f(t).

_ displacement _ As _ f(l + At)—f(t)
time At At

av

The instantaneous velocity at A¢—0:

y o tim LCHAD=SW) _ds oy
At—0 At dt
Example: a body falls with s=(1/2)gt2, find instantaneous velocity as a function of t.

how fast is the body falling in feet per seconds, 2 seconds after release?

Solution:
lg(z+At)2 L lg(t2 1AL+ AP — 1)
potim LA 10) ds 2 2 _lim
At—0 At dt a0 At At—>0 At

= limlg(21+At):%x2gt:gt

At—0 D
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Then, V=gt
The acceleration, in English unit g=32 ft/sec?, and in SI unit g=9.81 m/sec?,

Then, v=(32)(2)=64 ft/sec

H.W: find the displacement and average velocity for time interval from, t=0 to t=2

seconds for,

- S=21%+5t-3 answer: As=18 V,,=9
- S=42t-t? As=-8 V=4
S=4t+3 As=8 V,~4

1.8 Limits:

The limits combination thermo, if:
lim f, (t)=1L, ,and, lim f, (t)=L,,then:
Ltiml )+ £(0]= L, + L

im0 )= 1, - L.

saim{f () /(0= 1,1,

41}3}{2—8} = % =if,L, #0

L; and L, are real number.

5. Limits of polynomials, if:
f)=at"+a, t"" +..+a,

Then :

limf(t)= f(c)=a,c" +a, ,c"" +..+a

o
t—c

2 3
Example: ﬁndlimﬂ and, lim t2 8

-2 t+2 =2t —4
244 27 42%x2+4 12
lim = =—==3
=2 f+2 242 4
-8 (-2l +2u+4) . P +2+d 27 42x2+4 12
lim — = lim =lim = =—=3
=242 -4 -2 (=2)r+2) 52 42 242 4

Note the difference between the direct substitution in the first, and the simplification

in the second.
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1.8.1 The Sandwich Theorem:
Suppose that, f(t)< g(t)< h(t) for all t#c in some interval about ¢ and that f(t) and h(t)

approach the same limit, L as t—c, then,

limg(t)=L.

t—c

Application of Sandwich Theorem,

1. limsin@=0
-0

2. limcos@ =1
-0

3mSR
00 @
. sin3x
Example: lim
x—0 X
1imsm3x  lim 3sin3x _ 1im351n6? ~ 3%im sin @ —3x1=3
=0 x 3x-0 3y -0 @ 6->0 @
Example:

lim 22X — lim[smx - J - {lim(smleim[ ! ﬂ = (1)) =1
x>0 x x—0 X COS X x—0 X =0\ cos x

1.8.2 Right Hand Limits and Left Hand Limits:

Some times the values of a function f{(t) tend to deferent limits as it approaches a
number ¢ from different sides. When this happens, we call the limit of F as t approach
¢ from the right, the Right-hand limit of F at c, and the limit of F at t approach ¢ from
the left the Left- hand limit.

1.8.3 The Greatest Integer Function:
[x] is called the greatest integer in x.

Positive values [1.9]=1

Mathematics 1 15
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The zero value

Negative value

Example:

Right-hand:

Left-hand

[

lim{%} =[0.55]=0

1im[0—ﬂ =[0.45]=0

x—1"

So, Right-hand limit = Left —hand limit.

Example:

Right-hand:

Left-hand

lim f}

xﬁ2_2
2.1

lim| =2 | =[1.05]=1

im| %+ |~f10s]

x—2"

lim

x—2"

%} =[0.95]=0

So, Right-hand limit # Left —hand limit.

Example:
R:

L:

Example:

Mathematics 1

1irn[2x]

x—3

lim[2x3.1]=[6.1]=6

x—3*

lim[2x2.9]=[5.8]=5=.R=L
x—3"

1imM = £12}[X]

o2 x limx
x—2

)}Ln;[Z.l] 2

lim 2 2

X—2*

lim [1.9]
X222 —_ —(0)5=..R#L
[ im 2

X—2"

16
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Hint: In computer science, the common notation for greatest integer in X is, |_xJ

(integer floor), it suggest an integer floor of x. The notation !_x—‘ , (integer ceiling), is

used for the smallest integer greater than or equal to x.

The greatest integer function is a Step Function; step function exhibits points of

discontinuity. Where they jumped from one value to another without taking on any of

intermediate values.

Example: Graph y = [x]
y=0 0<x<0.99 this mean, [0]=0,[0.5]=0,[0.9]=0
y=1 1<x<1.99  this mean, [1]=1,[1.5]=1,[1.9]=1
y=-1 -1<x<-0.00..this mean, [-1]= —1,[-0.5]= —1,[- 0.005] = -1
i eai2 i Es AR
——0
(2,2) i
———-0
(':‘)
Y /—I,'_I) g r
(— 2 )“2)
-3 »~-37
Example: Graph the function y=x- [x], -3<x=3
X y=x- [x] ?
0 0
0.1 0.1-[0.1]=0.1-0= 0.1
0.5 0.5-[0.5]=0.5 b
1 1-1=0
1.5 1.5-[1.5]=15-1=05 - a3
“y - 1
1.9 0.9 5 =t - :
2 0
v

Mathematics 1
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H.W:
X .
1. Graph y:[g}:gzven—3SxS3
2. Graph y= [2x]— 2[x] = given—3<x<3
1.9 Infinity as Limits:

The combination theorem for limits at infinity, if

lim f(x)= L,,and limg(x) = L, Where, L and L; are real numbers.

L. )l(lfolo[f(x)"'g(x)] =L +1L
2. }g{lo[f(x —g(x)]= L-L,

)
3. lim[f(x)g(x)]=L.L,

4. limkf x) = kL, k, is any number.

s timd W) L L40
= glx) L
Example: lim—>
oo Tx + 4
Solution: divided by greatest power in dominator.
: X . 1 1 1
lim = lim 7= =—
e x+4 o 7.2 7+0 7
X
Example: lim 2x ; x+3
o 3xT 45
) 1 3
2_ - 2 -
Solution: limzx 2x+3:1im x x* 27040 _2
e 3x7 45 o 3+i 3+0
2
X
+ -
Example: lim 5x2+ 3 = lim = 0+0 =0.
x—>—0 Dx° —1 X—>—00 _i 2—-0
x2

Example: lim(2 +ﬂj = lim2+ im 2 =240 =2.

X—>0 X—>0 X—>00 x

X

Mathematics 1
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1.9.1 The Substitution x = %

One way to calculate the limit of quotient of two polynomials as x—oo is divided

the numerator and dominator by the largest power of x in dominator. Another way is

tolet x = %, and calculate the limit as h—0".

. 2x°—x+3 o 1
Example: lim—————. Use the substitution x = —
oo 3x7+5 h
2 _1 +3
o 2- 2
Solution: lim 2 _ im 2-h+30 2
0t 3 0" 345K 3
7 +5
> +3
- 2
Example: lim 5x2+ 3 — lim 2 =1i h+ 3? _0_ 0
Py B | h»yl 1 2_h 0
W

.. . 1 .. i
To calculate the limit as x— -c0, we substitute x = Z’ and calculate the limit as h—0".

— -3
2 2 _ ) 2 _ 2
Example: lim = > = lim & = lim 3h S ==
oo Ix+4 w0 7 =0 Th+ 4k
—+4
h
Examples:
1 hmlzoo 5. lim 21 =—©
x=0" X x=2" x° —4
1 ) 1
2. lim—=-w 6. lim — = +o0
x—>0" x 2" x° =4
1 .
3. lim— =0 7. lim+/x =00
x—=>0" x X—>00
1 )
4, llm——= -0 8 hmEZx——j:—oo
x=1" x—1 X—>—0 X

1.10 Continuous Functions:

A function is continuous if it is continuous at each point of its domain.
*Discontinuous Function:

If a function f is not continuous at a point ¢, we say that f is discontinuous at ¢ and

call ¢ a point of discontinuity of f.

Mathematics 1 19
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*The continuity Test:
The function y=f(x) is continuous at x=c, if and only if all three of the following
statement are true:

1. f(c) exist (¢ is in the domain of f).

2. lim f(x) exist (f has a limit as x—c).
3. limf (x)= f(c) (the limit equals the function value).

*The Limit Combination Theorem for Continuous Function:
If the function f and g are continuous at x=c, then all the following combination are
continuous at x=c,
Df+g
2f-¢g
3f-g
ol
g
* If a function is differentiable at a point c, then it is continuous at ¢ as well.
Example: what value should be assigned to (a) to make the function continuous at
x=3,

f(x)=

x-1 x<3
2ax x=3

Solution:

lim f(x)= lim f(x)

x—3" x—3"

lim(x2 - l)= lim(Zax)

x—3" x—3"

9—1=6a:>a=§=i
6 3

Example: Find the value of B, if the function below is continuous.

3 1
X x < E
flx)= ]
Bx? x>=
2
Solution:
. ) . 3 . ) 1 1 1
lim f(x)=lim f(x)= lim x* = lim Bx’ = —=B—=..B=—
v—)li x—)l+ v—)li x—>l+ 8 4 2
) 2 ) 2

Mathematics 1 20
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Example: Graph the function,

f(x):{ x  0<x<l

2—x 15x<£2
Is the function, f continuous at x=1, and does it have derivative at x=1.

Solution: A
X y=2-X y=X
0 - 0 :
1 - 1
1 1 -
0 >
2 0 - 1

The function is continuous at x=1, because

-fx)=x= f(1)=1 and,  lim f(x)=limx=1=limx = f(1)=1

x—1

-f()=2-x=f()=1  andlim f(x)=1lim(2-x)=1=lim(2-x)= /(1)=1

x—1

Or another way, lim f(x)= 1ir§ f(x) =.1=1

x—1"

1.11 Trigonometric Functions:

Sines, Cosines, and Tangents.

. % .
sinx =-—

r

v

cosx—: u /

sinx v
tanx = =—

CoSXx u v

The graph of function of y=sinx, y=cosx, and y=tanx, in the xy-graph are in figures

below:
Domain -co<x<co for y=sinx ?
y =/ T chaltum T L A Ay
Range -1<y<1 o
L <7y T 311‘- 2
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Domain -co<x<oco for y=cosx y=l

Range -1<y<1

Domain for y=tanx, is all the real numbers except odd integer multiples of %, and

range -0o<y<oo,

A7
% 7 : :
2 3 £ 3 ; : FA o
g V ° ! ‘ &
v
Example: find the domain and range of the following functions:
1. y=sin’x domain all real numbers, and range 0<y<I.
2. y=5cos 2x domain, -co<x<oo, range -5<y<5.
3. y=-tan X domain is all the real x, except odd integer multiples of

p/a
—, and range -co<y<<o.
2 b

Mathematics 1 22
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1.11.1 Some Useful Formulas of Trigonometric Functions:

1. Useful Definitions:

Sinﬁzlz 1 cog@:fz 1 tan@:Z: 1
r cscl r sec x cotd
sin@ +cos* 0 =1 sec’0 =1+tan’ @
1=
csc’@ =1+cot’ @ lim cos®

60 12

\{

A

sin26 = 2sin@cos @

c0s26 = cos’ 6 —sin’ @

4
sin(-0) = —sin @ cos(— @) = cosd K« /
2. Double Engle Formulas: \\ 0%

cos’ 0 = 1+cos20
2
Gin’ 0 — 1—025249

3. Sum Formulas:

sin(4 + B) =sin Acos B + cos Asin B
cos(A+ B) = cos Acos B —sin Asin B

4.Shift Formulas:

sin A—Z =—cos 4 cos A—£ =sin 4
2 2

sin[A + %) =cosA cos[A + %) = —sin 4

S. Algebraic Identities:
(a+b)2 =a’ +2ab+b’
(a—b) =a* -2ab+b*
(a+b) =d’ +3a*b+3ab*> + b’
(a—b) =a’ =3a’b+3ab* - b°
a’—b* =(a-b)a+b)

a’-b* =(a-b)a’ +ab+b2)
a’+b’ =(a+b)(a2 —ab+b2)

Mathematics 1 23
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1.12 Conical Sections:

The standard conic sections are the curves in which a plane cuts a double cone.

AN

Circle Ellipses
Parabola Hyperbola

Circle:

A circle is the set of points in the plane whose distance from a given fixed point in
the plane is a constant. The standard equation of circle of radius (a) centered at a point
(h, k) is:

(x=h) +(y—k) =a’

Example: Find an equation for the circle with center at the origin and with radius (a).
Solution:

h=k=0

xi+yt=a’

Example: Find the circle through the origin with center at (2,-1).

Solution: center (h,k)=(2,-1)

(x—2)2 +(y+1)2 =a’

Circle goes through origin, then x=y=0

(0-2) +(0+1) =a®> = a*=5

A(=2) +(y+1) =5
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Parabolas:

Is the set of points in the plane that are equidistant from a given fixed point and

fixed line in the plane. The fixed point is called Focus of parabola and the fixed line

the Directrix.

Equation Directrix Focus Direction
x> =4py y=-p 0,p) Opens Upward
x> =—4py y=p (0,-p) Opens Down ward
y* =4px X=-p (p,0) Open to the Right
y: =—4px X=p (-p,0) Open to the Left
A
D R ettt EEEEEEEE >
y=p
<. __________
F(Oy'p)
\
v
A A
4 4
v v
X=p Vv v X=p

Example: Find the focus and directrix of the parabola X’ =8y.

Solution:

4p=8=>p=2

directrix,y = —p = —

Ellipses:

2= focus,F(O,Z)

An ellipsis is the set of points in the plane whose distances from two fixed points

in the plane have a constant sum.

Mathematics 1
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v

A

The general equation is:

The axes:
o b2 =a>—¢c?, b’ is less than o’.
e The major axis of ellipses of length =2a, with x-axis intercepts (£a,0).

o The minor axis of ellipses of length =2b, with y-intercept (0,£b).

o for y—2 =1 Major axes are horizontal.
. for y_2 =1  Major axes are vertical.
a

Hyperbolas:

Is the set of points in a plane whose distance from two fixed points in the plane has

a constant difference.

2
x .
° _2_y_2:1:>b2:cz—azjfocuse,x—ast
a- b
2 2
x .
° y_z__2=1:>b2=c2—a2:focuse,y—axles
a- b

1.13 Composition of Functions:

The composition of functions produced when the outputs of function f is the input

of function g.

X f f(x) g g(fx))

\ 4
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g(f(x)) is the composite of f and g. The usual notation for this composite is f °g, which

read as "g of ".
. X
Example: If f(x) =sin x, and,g(x) = —E,ﬁnd, gof

Solution: g(f(x))= _@ _ _Si%

Example: f(x): xz,and,g(x): x=T,find = go f,and, fog
Solution:

gof=g(f(x)
fog=/(glx)

Il Il
Vo \
=
N—" |

[}S)
2

Il I
—~

= =

I (i8]

-2 |
\_/N 9

1.14 Shift Formula:
Vertical shift:
o y=f(x)+c shift the graph of f(x) up c units.
o y=f(x)-c shift the graph of f(x) down c units.
Horizontal shift:
o y=f(x+c) shift the graph of f(x) left ¢ units.
o y=f{x-c) shift the graph of f(x) right c units.
y=x*+2
A A 2 2
y=X y=(x-2)
y=(x+2)’
y=x’

A
v

SN

g

y=x"-2
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Problems:

1.

10.

11.

12.

13.

Write the equation of circle with center (5,4) that is tangent to (a) x-axis. (b) y-

axis.
A point on the circle x* + y* =9 has the property that its distance from the

origin is equal to the slope of line joining it to the origin. What is the point?.

Answer: ( 3 , 0 J(— 3 — 0 J

V1o 'Vio A V10”10
For what value of (k) are the two lines parallel
a3x+ky="7and,6x—-2y =5= Answer : k = -1
b3x+ky=7,and,6x—k>y =5= Answer 1k = -2
For what value of (k) is the line kx+2y=3, (a) Perpendicular to the line x+y=1.
(b) Parallel to the line x+y=1. Answer: (a) k=-2, (b) k=2.
Find the equation of the circle with center (6,7) and tangent to the circle
(x+2)+(-10=9.
Find the points of intersection of the line 2x+2y+12=0 with circle x*+y”=65.
Answer: (1,-8) (-7,4).
Find the equation of the circle passing through the points (0,0), (4,4), and
(2,6). Answer: (x-1)’+(-3)°=10

. Find the line that passes through the point (1,2) and the point of intersection of

the lines x+2y=3 and 2x-3y=-1. Answer: x=1

Find the value of & such that the line (k-1)x+(k+1)y-7=0 is parallel to the line
3x+5y+7=0. Answer: k=4

Find the equations of all tangents to the circle x°+y°-2x+8y-23=0, (a) at (3,-
10). (b) Having slope=3. Answer:

a.y =%x—ll,b.y=3x—27,and,y=3x+13

Write the equation of circle passing through the points (2,3) and (-1,6), with
center on the line 2x+5y+7=0. Answer: (x+3) +(y—4) =29

Find the value of C so that the line y=4x+3 is tangent to the curve y=x2 +C.
Answer: C=7

What are the equations of the horizontal tangents to the curve y=x3-2x2 +x.

4
Answer: y=0,and,y = —
y y 27
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14.

15.

16.

17.

. 1 :
The line x=a cuts the curve y=—x"+4x+1 at point P, and the curve

y=2x>+x-1 at point Q. If the tangents to the curves at P & Q are parallel,

what is the value of (a)? What are the equations of theses tangents?.
Answer.: a=1 or a=3
Find the equation of normal to the curve y=2x2-8x+5 at the point where the

. 1 1
slope is 4. Answer: y =——x——.

4 4
Find an equation of tangent to the curve y=x’+2x-3 at (-2,-3). At what point is
the tangent horizontal? Answer: y=-2x-7, and (-1,-4).

Find the slope of the given curves at the given points

3 3

a) 3x* —xy+2y* =3,at,(1,0). (b x? er5 =2,at(Ll). Answer: a. 6, b. -1.
y+2y

Mathematics 1 29



Dr. Anees Abdullah e il

Chapter Two

Derivative and Its Applications

2.1 Definitions and Rules:
Let y=f(x) be a function of x, then

i L+ AY)— f(x)
(x)— lim ™

Ax—0

dy .

dx S
If the above limit exist and finite, we call this limit the derivative of fat x, and say that
f is differentiable.

The rules of derivative are:

Rule 1: The derivative of a constant is zero.

If,f(x)zconstantzc,then,%=f‘(x)= lim f(x+Ax)—f(x): lim < = lim0=0
X

Ax—0 Ax Ax—0 Ax Ax—0

Rule 2: Power rule for positive integer power of x.

d n n—1
—x" )= nx
)
Examples:
d 0
I. —(x)=1Ixx" =1
)
2. i(xz)z 2x' =2x
dx
d
3. —(x?)=3x"
o)
d 4 3
4, —Ix")=4x
o)
Rule 3: If u is any differentiable function of x and ¢ is any constant, then:
i(cu )= c@
dx dx
d 5 4 4
Example: (7x°)=7x5x" =35x

dx
Rule 4: The sum rule

d du dv
gyt &
dx dx dx
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Example: find, dy/dx if y=x3+7x2-5x+4.
dy/dx=3x’+14x-5

Second derivative:

y'= % is called first derivative function of x.
X
"= @& = a(dy the second derivative.
dx  dx\dx
Example: If y=x>-3x7+2
' dy 2 " d 2)’ m d 3)’ d 4y
=—=3x"-6x=>y" = =6x—-6=> = =6 =0
4 dx 4 dx* 7 dx’ dx*
2.2 Velocity and Acceleration:
Body motion s = f(¢)
. . ds . , .
First derivative = is body's velocity.
t
%5
Second derivative ey is body's acceleration.

Example: The position of moving body is given by the equation s=160t-16t>, with s

in feet and t in seconds. Find the body's velocity and acceleration at time t.

Solution:
Velocity V= ds =160-32¢
dt
2
Acceleration ﬂ = d—f = —SZLZ
dt dt sec

Example: A heavy rock blasted vertically upward with a velocity of 160 ft/sec,
reaches a height of s=160t-16t" (ft) after t seconds.
1. How high does the rock go?
2. How fast is the rock traveling when it is 256 ft above the ground on the way
up? On the way down?
Solution:
1. To find how high the rock goes, we find the value of s when v=0

. v=%=160—32t=0:>160—32t=0:>160=32t:>t=5560

s=160x5-16x5> =5 _ =400 f
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2. To find the rock's velocity at 256 ft on the way up and again when the way down

we find the tow values of t for which:

s(t) =160t —16t> = 256 Swax| O
161> ~1601 +256 = 0 1
16(: =10£+16)= 0= (t =2} —8) =0
t =8sec,or,t = 2sec S=256 fi
Then, the rock is 256 ft above the ground A
2 sec after explosion and again 8 sec after O
explosion. S=0
Jt Jt

then, v(2)=160-32x2=96—"—,and,v(8)=160—32x8 = —96——

sec sec

Down velocity is —ve, because s, decreasing when t=8 sec.

Rule 5: The product rule:
d dv  du
()

— =y—+v—
dx dx dx

Example: Find the derivative of y = (x2 + IXx3 + 3).
B (e 1))+ 2a) +3)
dx

=3x* +3x% +2x* + 6x =5x* +3x% +6x

Rule 6: Positive integer power of a differentiable function.
If U is a differentiable function of x, and n is positive integer, then U" is
differentiable and:-

e ——" O
E( )—nU Idx

Example: Find the derivative of y = (x2 -3x+ 1)5.

Solution:
V' = S(x2 -3x+ 1)4 (2x-3)

Example: Find y' if y = (x2 + 1)3 (x—1)°

Solution:
Cdl_y — (x2 +1)3 Xz(x_l)xl+(x—1)2 X3(x2 +1)2 X(Zx)
x

=2(x—1)a? +1) +6x(x — 1) (x> +1] =2(x—1)x* +1) (4x> = 3x +1)
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Rule 7: The Quotient Rule

If v=0, the quotient y = % of two differentiable function, then:
v

du dv
V——u—
d [ﬁ} __dx dx
dx\ v v
x*+1
Example: Find derivative of y = — T
Xt

dy _ (¢ -1)2x)- [ +1)2x) | —4x
dx ()c2 - 1)2 (x2 - 1)2

Example: Find the most effective way to derive y = -
)
—10x

EEh

y= =) =y =5l 1) (2x) =

This more easy than the quotient rule,

(21 < (0)-()5)x> —1)' (2x)  —10x

. [y} e

Example: Do not use the quotient rule to find the derivative of,

B (x—l)(x2 —2x)_x3—2x2 —x? +2x _x3 —3x? +2x
= ; = =

Y 4 4
X X X

=x (x3—3xz+2x)=x'—3x2+2x’3

Cdy _ _ _ 1 6 6

..Ez—x2—3(—2)x3+2(—3)x4=—x—2 x—3—x—4

Rule 8: Negative integer power of differentiable function.
d . o
If,y=U"= lheﬂ,di( )= ny"! d_y , where n is negative integer.
X X

Proof of rule 8:

Let,y=u" = Lm
u
J u” @_(1)741(14’") (0)—mu””1 @
L@ dx dx  _ dx _ ., du __
dx (um )2 u™" dx
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Example: Findﬂ,of = y=x +L2.
dx X

y=x+x" =y =2x-2x""

Rule 9: Power rule for fractional exponents.

r r
e Py du U #0,and £ <1
dx q dx q
Examples:
1 1
° y:xE:yI:lxiazL
2x
1 —4
IRV B
e y=x :>y—gx

1 -1 “x

o y=(-x*) 2y’=%(1—x2)2(—2x)=—1

(l—x2 )5

Implicit Differentiation:

Example: Find %,if =x +4xy’ -y’ =2
x

dy dx dy
Sxt 44X 3yt = |+’ —|-5y"==0
g {x(y dxj 4 dx} 4 dx

dy 3 s dy
—+4+4y" =5y"—==0
dx Y Y dx

5x* +12xy°
2 2 \dy _ 4 3
12xy” =5y" )—=-\5x" +4y
dx
cdy 5x* +4y°
Tdx 5yf —12x°
Example: Find, y' if

x2+y2 =1:>2xﬂ+2yd—y=0:>2yd—y=—2x:>.‘.d—y=—£
dx dx dx dx y

The Chain Rule:

Example: The function y=6t-10, is the composite of y=2x, and x=3t-5, how are the

derivative of these three functions relate?

Q=6,d—y:2,andﬁ:3
dx dx dt
6=(2)3)

_dy dy dx
Cdr o dxdt
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Example: y=5x-2, and x=3t, find dy/dt?
y=5@3t)-2=15t-2=..y' =15
dx

or,ﬂ =5,and — =3
dx dt

Then by chain rule,

dy dy dx
—=——=(5)3)=15
dt  dx dt ()()
Example: Find %,if: y=x"+5x—4,and,x =t —lLat =t =—1
Solution: at r=-1, x=0
d—y=3x2 +5
X
dx _
dt
dy dy dx )
S—=——=3x"+5)2t)=(5)-2)=-10
Example: Express dy/dt in term of t if:

2t

y=x’-3, and x=t"-1

Qz?ﬁxz,and@:%
dx dt
b _d &

_ ) 2(24) = 6x2f = 2_12
R 357 (2) = 6x°t = (¢ — 1) ¢

Derivative of Trigonometric Functions:

The derivative of sine y=sin x. From the definition of derivative and some

useful rules:

. sin(x +/)—si
dy _ lim sin(x + /1) —sin x note =
dx h—0 h

1.sin(x + /) = sin x cosh+ cos xsinh

2.1im SR _

-0}

3.1im S _

h—0 h

dy .. sinxcosh+cosxsinh—sinx . sinx(cosh—1)+ cosxsinh
So—=—=lim =lim

dx o0 h h=0 h

0

. ) cosh—1 . sinh } . cosh—1 . sinh
= lim| sin x. +lim| cosx.—— | =sin x.lim +cosx.lim——
h—0 h h—0 h h—0 h =0}

=sinx.(0)+cosx.(1) = cos x

Sy =cosx
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% (sinx)=cosx

If y=sin u, andu=f(x), then
. du
—(sinu) = cosu.—
X dx
Examples:
1.y =sin2x = y' = cos 2x.(2) = 2 cos 2x
2.y =sinx’ =y’ =cosx’ (5X4 ): 5x* cosx’
3.y =sin’ x = y' = 5sin* x(cos x) = Scosxsin* x

Example: Implicit differentiation

xy+siny =0
xd—y+yﬂ+cosyd—y:0:>(x+cosy)d—y=—yz>ﬂ:L
dx = dx dx dx dx (x+cosy)

The derivative of cosine:
) u
—(cosu) =—sinu—
dx dx
Examples:
1-y =cos3x = y' = —sin3x(3) = —3sin3x

2—y=cos’3x = y' = 2cos 3x[(~sin 3x)(3)] = 6 cos 3xsin 3x

The derivative of other trigonometric functions:

Since sinx, and cosx are differentiable functions of x, then the functions,

sin x COs X
tan x = ,cotx = secx = ,and,cscx =

: ——, are also differentiable.
cos X sin x coSXx sin x

o 1.—(tanu) = sec’ usl
dx dx

2.i(secu): secu tanu%
dx dx

3.i(cscu)= —cscu cotud—u

dx dx
4.i(cotu) =—csc’ uﬂ
dx dx
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Example: Find, y' if y=sec25x
y' =2sec5x (sec Sxtan 5x)(5) =10sec” Sxtan 5x

or,y =sec’ 5x = = (cos5x)”

cos’ 5x

o : : .
5y =-2(cos5x) 7 (~sin5x)5) =10 s1n35x = 10( sin >x j( - j =10sec’ Sxtan 5x
cos” 5x cos5x J\ cos” Sx

Example: Find, y* of:

- 2
y =tanvy3x = tan(3x)% = .. y' =sec’ 3x-B(3x)zI (3)} v

243x

Application of Derivative:

Graphing:
Example: find the intercept points with axes of the following function y=x’-3x’+4.
At x=0y=4
x’ —4x+4
At y=0x-3x’+4=0 by long division x+1)x° =3x> +4
4 T2 Fx 2
m —4x° +4
! +4x> +4x
-1 ‘ 2 4x+4
F4xT4
0
(x+1)(x” —4x+4)=0
x=-1Lx=2
Then, find the sign of derivative / \ /'
++++(3————(2)++++

y ‘=3x2—6x=3x(x-2)=0

x=0, x=2

The second derivative test for concavity, if y=f(x), then

Concave down if y <0

Concave up if y >0

Example: sz y'=2x y '=2>0
Example: y=sinx y'=cosx y '=-sinx<0
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y=X y=sinx

Concave down over 0<x<m

Points of Inflection:

A point on the curve where the concavity changes is called a points of inflection.
Thus, the point of inflection on twice-differentiable curve is a point where y' is
positive on one side and negative on the other. At such point y'* is zero, because

derivative have the intermediate value property.

Example: y=x4 y‘=4x3 yﬂ=12x2 / /
y >0 has no inflection points - 104]—42—
Example:
! 1 -2 7 3 /
— 3 r__ .3 "n__“.3 L
y=Xx :>y—3x =y 9x erOIZ

There is a point of inflection.

Example: Sketch the curve, y = %(ﬁ —6x +9x + 6)

Solution:

Calculate, y" and y"* and check the signs:

y’:%(x2 —4x+3):0:>.‘.x2 —4x+3=0:>(x—3)(x—1)=0

S 7

++++0-——-0++++

x=1 x=3

Sx=land,x=3

Sign of y'
This test gives information about increasing and decreasing of the curve. Then, x=1 is

a local maximum point, and x=3 is local minimum point.

Y'=x-2=0=>..x=2
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Then, curve is concave down on (-0, 2), and curve is concave up On (2,0). Therefore,
the point x=2 is inflection point. The graph below shows the maximum and minimum

regions, and the region of inflection.

2 -

1.5/‘\/‘

Asymptotes and Symmetry:
A symmetry in the graphs of even and odd functions,

y=f(x) is even if f(-x)=f(x)

y=f(x) is odd if f(-x)=-1(x) for every x in the function domain.
54 10 4
8 .
6 4
4 4
27 *
Ta 2 4 oah 1 2 3
4
6 -
3 2 1 1 2 3 . -8 1
1 -10 -
y=x, y=x’
f(-x)=(-x)*=x’=f(x) f(-x)=(-x)*=-x"=-1(x)
f(x) is even then the f(x) is odd symmetry about origin.

graph symmetry about
y-axis.

Example: the symmetry about y-axis, y=(1/x).
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Horizontal and Vertical Asymptotes:

- A line y=b is horizontal asymptotes of the graph of y=f(x), if
Either lim f(x)=b or lim f(x)=5

- A line x=a is a vertical asymptotes if,

lim f(x) = #e0,0r, lim f(x) = o0

Example:
X
y =
x—1
horizontal
=lim| — |=1 T
X—>00 :
X
and,lim| —— [ = o0

X

A

4

Then, x=1 is a vertical asymptotes, and y=1 is a horizontal asymptote.

Example:

A

4

vertical

v

—_
=
=)
0
~—
Il
(=)

_3x+2
Y 2x+4

Example:

We note that the domain of the function is all x/[-2], so the curve cannot intercept

. 8 -
-2\ 4—x? x=2

with vertical line x=-2, so as x approach -2, y goes to o, and the line x=-2 is the

vertical asymptotes of the curve.

2-4y
2y-3
So, 2y-3=0, then y=2/3 is a horizontal asymptotes.

If we write the function in term of X, as x =
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Oblique Asymptotes:
If a rational function is quotient of two polynomials that have no common factor, and

the degree of numerator is one larger than the degree of the denominator, as it is in,

2

= ; _i, then, the graph will have an oblique asymptotes. To see why this is so,
x p—

we divided (x*-3) by (2x-4).

Y

Vertical asymptote line x=2

Oblique asymptotes line y = §+1

g

x=2

2

Example: graph the function y = a
Solution:

1. check the domain of the function -co< x <o
2. check the intercept with axises,

At x=0y=0

At y=0x=0
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So, the intercept point is (0,0), the origin.

3. check the sign of y* and local maximum and minimum.

V= (x2 +1X2x)_2xZ(2x) _ 2 : - >
(x2+1) (x2+1) ————9++++

let,y'=0=..2x=0=>x=0
Sign of y°

Check the sign of y“:

y= —62x2 +32 \ / \
(x +1) ___9+++(1)___
let,y"=0:>x=i%zi0.6 5 7

-1 1
Then, concave up between (—,—j

And the inflection points are (L,%}md ,(_—1 %J
4. Symmetry:

= 1) = = f(x)= fx)z - ()

1+ x?

So the function symmetry with y-axis.
5. asymptotes:

there is no vertical asymptotes because the denominator dose not equal zero.

The horizontal asymptotes, by convert the function in term of x, so 4
x2 = L = L
y-1 y-1. e ——— =
So, horizontal asymptotes is y=1. /_\/\
6. The graph v

Example: A cylindrical container with circular base is to hold volume of (1000 cm?),
find the dimensions, so that the amount of surface area of metal required is minimum.
Note that the container is open.

Solution:
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V =m?h=1000....(1)

A=2mh+m’.....[2) T

from(l)
, 1000 ~—
m*h=1000=h=—-....(3)
w
sub3)in(2) h
4=2000, oo :d—A——ZO?OJrZﬂr:O
r dr r .
;2000 1000 10
L =—— > r=3}——=—==6.83cm v
2 T r
and,h = ﬂ = & =6.83cm

[ 10 jz Az
7l ——
Vr

Sh=r

Example: Find two positive numbers whose sum is 20 and whose product is large as

possible.

Solution:

Assume the first number = x

Assume the second number =20-x

Then, the product f(x)=x(20-x)=20x-x

And, f'(x)=20-2x=0

Then, x=10 and 20-x=10.

Example: A rectangle is to be drawn in a semicircle of radius 2. What is the largest

rectangle can have, and what are its dimensions?

Solution:

lenght = 2x

height = m =.. Area = A(x)= ZxM
dA 1 = -2x?

Y x4 )2 (~2x)+ 24— = +24—x2 =0 \/
dx 2 42

_ 2 _ 2
then, —2* +2f4-x )=0:>8—4x2=0:>x2=2:>x=i\/§

V4 —x?

neglect —ve,then > A =4 = .. length =2x = 2\/5, height = V2
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L Hopital Rule:

To find 1im% by L'Hopital Rule, proceed to differentiate f and g as long as you
xX—a g X

. 0 . oy .
still get the form —,or — at x=a. Stop differentiation as soon as you get something
(e 0]

else. L'Hopital Rule does not apply when either the numerator or denominator has a
finite non zero limit.

Example:

\/1+x—1—(;)
lim

s
lim = gzveso

=lim

Example:

T sin x .0
im— = gzve6

x>0 x

— im0 = (. OK)

x—0 2x

Example:

. tan x 0 . sec’x
lim =|—|..==1lim — = 1
X"% 1+tanx 0

X_,% sec” x

Hint: The form 0.0 and o-00 can be sometimes be handled by change the expression

0 oo,
to get —,or — instead.
0 00

X—>00 X

Example: lim(x. sin l) = (0.0) change by write x=1/t and t—0.

(1. . sint
Slim| —.sint [=lim—— =1
t—0 t t—0 t
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Example:

. (x—sinx 0 ) 1-cosx ., 0

=lim - =| = |==lim——— = | still —

x>0\ xsinx 0 x>0 8In X + XCOS X 0
sin x

=lim———=0=> ( OK)
x>0 2 cosx — xSin x

Related Rates of Changes:

Example: How fast does the radius of spherical soap bubble changes when air is

blown into it at the rate of 10 cm®/sec?

Solution:

av _i

dt

V:iﬂr3:d—V=4ﬂ72£=10::.£= 102
3 dt dt dt  4nr

Example: How fast does the water level drop when a cylindrical tank is drained at the

rate of 3 It/sec?

Solution: The radius r is constant, but the height h, and the volume V changes with

. AN
time t. N

av _
dt )

h
V =mh _|
dv._  ,dh dh 3

— T — =), — =
dt dt dt '’

-3 (tank drained) >

Example: A ladder 26 ft long rest on horizontal ground and leans against vertical
wall. The foot of ladder is palled away from the wall at the rate 4 ft/sec. How fast is
the top sliding down the wall when the foot is 10 ft from the wall?

Solution: 26f
Vv
X4 S 10, s
dt sec dt
X
x> +y? =267 :>2x@+2yd—y=0
dt dt

.‘.Q=—£ﬁ,when,x=10:>y=\/262 —-10% =24ft :.‘.ﬂz—iﬂz—ﬂm __3 S

dt y dt dt y dt 24 3 sec
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Chapter Three

Integration and Its Application

Integration is the opposite of differentiation process, and it divided in to two branches,
Indefinite Integrals and Definite Integrals.
3.1 Indefinite Integrals:

In this type, there are no limits for integration, for example;

% =3’ = y= Iszdx =x’+C, C is constant of integration.
X

Example: Some differential equations are integrated by separation of variables, such

as:

dy dy 5
E:xz\/;:ﬁzxzdx:.[yzdyzjfdx

1 1

2y +C, =%x3 +C, =2y? :%ﬁ +C
where,C =C, —C,

Generally, the rule is:-

Un+l
n+l1

IU”d—dez +C
dx

Examples:

1.!(5)6—)62 + 2 kdx :5dex —Ixzdx+2jdx :%xz —%xB +2x+C

1

—+1
Z.J.x];dx= icz +C=%x§+C
—+1
2
3. (2 +5) dv = [ (x* +10x% + 25 Jax =xs—5+ 1027 osxvc

4..[()62 + S)Z(Zx)dx = (XZ;LS)S+ C

Finding the Value of Integration Constant:
Example: Find the curve whose slope at point (x,y) is (3X2) and pass through the
point (1,-1).
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Solution:

Slope = 3x* = &
dx

Ly = J.3x2dx =x* +C =since(l,-1)e curve=.. -1=1+C=..C=-2

Ly=x -2

Example: At time t, the velocity of moving body is given by ds/dt=at, a is constant, s
is body's position at time t. If s=s,, when t=0, find s?
Solution:

ézart:>dszj‘atdt:%s:glﬁ+C
dt 2

when,t =0,5 =,

s, =0+C=>..C=s5,
a
and,s=512 +5,

d’ . . : . .
Example: If y: 2/ =2—6ux, is a differential equation, find the function y. If we have
X

the following initial condition, y=1 and y'=4 at x=0.

Solution:

Qsz—3x2 +C,

dx

y=x'-x"+Cx+C,

atd—y:4,x=03.'. C, =4
dx

at,y=1L,x=0=..C, =1

Ly==x+x" +4x+1

3.2 Integrals of Trigonometric Functions:
I.Jcosxdx =sinx+C

2.Jsinxdx =—-cosx+C

3.J.sec2 xdx =tanx+C

4.."csc2 xdx =—cotx+C

S.I secxtan xdx =secx + C

6.I cscxcotxdx =—-cscx+C
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Examples:

1 I cos 2xdx = 1 J. cos 2x(2dx) = %sin 2x+C

2jsm 7x+5)d =—jsm (7x+5)7dx) = —%cos(7x+5) +C
(=3+1) _
3j cos 2 dx :J‘sin’3 2xcos 2xdx = 1J‘sm 2xcos 2x(2dx) = 1 u+C:%+C
sin® 2x 2 ——=—" 2" (=3+1) 4sin® 2x

4.j16x sin’ (2)62 + 1)005(2x2 + 1)dx = use, subdtitution, method
let,u =2x* +,and,du = 4xdx
J.4sin3 ucosudu =sin* u+C = sin“(2x2 + 1)+ C

S.J.tan2 xdx = I(secz x—l)dx = Isecz xdx—jdx =tanx—x+C

6.Ic052xdx=J 1#cos2x dlej(1+0052x jdx+jcos2x 2d :£+s1n2x+c
2 2 2 2 4
3.3 Definite Integrals:

The Area Under the Curve:

To define area of the region beneath the graph of f from a to b, we approximate the
region with inscribed rectangles and add the areas of these rectangles. The
approximation improves as the rectangles become narrower and the number of

rectangles increased.

y=(x) y=f(x) [ y=1x) |

v
v
v

(a) (b) (©)
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Example: Estimate the area under the curve y=x2+1 from a=0 to b=1 with n=4.

Solution:

—a 1
step = Ax = =—
P 4

n=4
Area=A, =Y f(x)Ax

n=0

1 1 1Y 17
X‘ZZ:fl(x):fl(ZJ:[Zj +1:E=% 25
y=f+1
L2, 2 !
27y Y2 16 151
P B - R =
3= 3T T .
4 16 051
S -
AT e 00 05 15
5y .
4, = 17,20, 25 32y1) 94 _, 4,
16 16 16 16 \ 4 64

Exact :

A:i(x2 +1)dx{§+x} =G+1J—(o):§:134

3.4 Algebraic Properties of Definite Integral:
1.} f(x)dx=0

2.i S (x)dx = —f S (x)dx

3.} kf (x)dx = kj f(x)dx

4.[[f () + g(0))x = i S (x)dx + i g(x)dx
5[0 - 2k = [0 [ o

6.} F(x)dx = 0= if, f(x) > 0,0n[a,b]

7.[ £ ()dx < [ g(0dv = if . £(x) < g(v)

S.J f(x)dx + jf(x)dx = jf(x)dx
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Example: Calculate the area of the region enclosed by the x-axis and one arch of the

curve y=sinx.

Solution: ysinx

J.sin xdx = [~ cos x|

:—00572—(0050):—(—1)+1:2 l >
O Y

Example: Find the area between the curve y=x"-4, and the x-axis from x=-2 to x=2.
Solution:

2 3 2 _
A= j(xz —4)dx={x?—4x} =(§— )—(—8+8j=‘—¥ =¥unit,area
-2

b 3 3

3.5 Rules for Approximation Definite Integrals:
1. Trapezoidal Rule:

The trapezoidal rule for the value of definite integral is based on approximation the
region between a curve and the x-axis with trapezoids instead of rectangles.

The sum of the areas of trapezoids is then,

1 1 1 1
T =5(yo +y1)h+§(y1 +yz)h+~~+5(yn_z +yn_1)h+5(yn_1 +, )
b—a

n

1 1
=h(5yo I+ etV +Eyn]: where, h =

h
- T :E(yo +2y, +2y, +...+2y,1,1 +y,1)

=f(x)
Trapezoid area=1/2(y;+y>) /
/ «

yl y2 Ya-1 Yo

o

a x1 x2 xn-1
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Example: Use trapezoidal rule with n=4 to estimate the below integral. Compare the

result with the exact value.

Solution:
2 A
Ixzdx
1 y=x
2 372
Exact:Ixzdxz X =z=2.3334
1 3], 3
. . 2-1 1
Trapezoidal,with,n =4 = .. h = T = 2
xu=1:y0=x2=(1)2=1
T >
2Ty 2 16
3T, V3 16
x,=2=>y,=4
h 1 25 36 49 75
ST =— +2y, +2y, + 2y, + =—|1+2| — |+2| — |+2| — |+4 |=—=2.3437
2(y0 i ) Y3 y4) 8( (16) (16) [16) J 30

2. Simpson's Rule:
Simpson's rule is based on approximating curves with parabolas instead of
trapezoids.

The shaded area under parabola is:

h
4, =30, +4y+12) 76

The parabola has an equation of the form:

y=Ax>+Bx+C o y y
Area under it from x=-h to x=h

h
Ap = }(Ax2 +Bx+C)dx ={Af + B;Cz +Cx}
—h

—h

v

3
=240 aen="{ar +6c) 4

3 3
Since curve pass through (-4,y,), (0,y1), (h,y>) (-h,y0) (m

y, =Ah* =Bh+C
y1=C yo yl y2
y, =Ah* + Bh+C

v
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.C=y = and, Ah* ~Bh=y, - y,,= Ah® + Bh = y, - ,

h h
24K =y, +y, =2y, =0 A, =324 +6C)= [y, + 3, ~27)+ 63,]

h
s Ap = g(y,, +4y, +,)

Generally,S = g(yo +4y, +2y, +4y,+..+2y, , +4y,  + yn)

b—a

n,even = and,h =
n

1
Example: Use Simpson's rule with n=4 to approximate J‘5x4dx

Solution:
1
Exact,value = ISx4dx = [x5 ]:) =

Simpson's, Rule = with,n =4 = .. h _;0:

1
4 4
h 1 &0 405
S = +4y, +2y, +4y, + =— +2 +4 +51=1.0026
3(y Y +2y, +4y,+y,) 2{ ( (256] (256j }

3.6 Application of Definite Integral:
1. The Area Between Two Curves:
If £1(x)=f,5(x) through the interval a<x<b, then the area between the graphs of f; and f;

from a to b is: y=fi{x)

Area =

(/1) = £ (6

QY >

y=12(x)

b

Example: Find the area of the region bounded above by the parabola y=2-x’, and

3
2 A 4N 3
2
3
X
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—x=2-x"=x*-x-2=0

coeither,x =—1,y =1

or,x=2,y=-2
2 x3 xz 2
.‘.Areazj[(Z—xz)—(—x)]dxz 2x—— +—
’ 3 2 L
:[4_§+i}_{_2+l+l}:6—2+§:2unit,area
3 2 3 2 3 2 2

Example: Find the area of the region bounded on the right by the line y=x-2, on the
left by parabola x=y*, and below by the x-axis.
Solution:

Integration with respect to y:

2
y =X
y+2=x
.‘.y2:y+2:>y2—y—2=0:>(y—2)(y+1)=0:>.‘.y=2,0r,y=—1,neglect
Ly=2,and,y=0

2 2 372

10

A=[p+2-y Wy =|L+2y-2L | == 4

o2 -

Or integration with respect to x:

Region from 0 to 2 area under the curve.

Region from 2 to 4 area between two curves. dy
2 4 10
A:J-\/;dx+J.(\/;—x+2 xz?
0 2 >
0 2
Example: The curve y=4-4x2 and y=x4-1.
Solution:
4-4x* =x* -1

xt+4x7-5=0
(x2 + Ssz —1)= 0
x> = =5,imaginary

xP=1=x=+1

A= jl[(x“ —1)— (4 4x* e

1
=j-(x4+4x2 —S)dx:{ng%—Sx} =—ﬁ
1

15

-1
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2. Volumes of Revolution:

The volume of solid of known cross-section area A(x) from x=a to x=b is:

b
Volume = IA(x)dx

Example: A pyramid (3 m) high has a square base that is (3 m) on a side. Find the

volume of pyramid.

3 3 s
P R
0 0

0

Volume of the solid of Revolution (Rotation about x-axis):

Vol.= vlliﬂ(raah'us)2 dx = jlﬂ'[f(x)]z dx

Example: The curve y = Jx ,where,0 < x <4, is revolved about x-axis to generate

the shape below. A

Solution:

volume = j #(radius )’ dx = j 77(\/;)2 dx
0 0

Example: The semicircle y =+va” —x?, is revolved about x-axis to generate sphere.
Find the volume of sphere.

Solution: Find first the points of intersection, at y=0, A

Na*—=x* =0=> x=+a

.'.V=jﬂ(\/az—xz)zdxzj‘ﬂ(az—xz)dxzﬂ{a%—x—;}a :47;a a a

—a

Example: Find the volume generated by revolving the region bounded by y=xl/2 , and

the line y=1 and x=4 about the line y=1.
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Solution:

A(v) = lradius = z(Jx 1] —

Volzjﬂ(\/;—l)zdx:ﬂj(x—Z\/;+l)dx

4
{xz % } T
=g ———=x*+x| =—
6

H.W Find the volume generated by revolving the region bounded below by the
parabola y=3x"+1 and above by the line y=4, about the line y=4.

Answer: V = ﬂﬂ'.
15

Volume of Revolution Using Washer Method:
This method is depend on taking a rectangular strips perpendicular to axis of

revolution. The formula for calculating volume by washers is:

Volume = j:;r[R2 (x)-r? (x)]dx

a

Where, R: outer radius, and, r: inner radius.

Example: The region bounded by the parabola y=x* and the line y=2x in the first
quadrant is revolved bout the y-axis. Find the volume swept out.

Solution:

2x=x"=..x=2and,y =4 4
R(y)=+y
H3)=2 <
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Example: The region between the parabola y=x2 and the line y=2x, is revolved about
the line x=2. Find the volume swept out.
Solution: A

2x=x"=..x=2,and,y =4

r(y):2—x :(2—\/;)

Volume of Revolution Using Cylindrical Shells Method:
This method is depending on taking a rectangular strip parallel to axis of

revolution. The formula for calculating volume by cylindrical shells is:

> dx SR
!
b b
Volume = JZﬁ(radius)(height)dx = J-Ziz.x.f(x)dx fez

R

Example: The region bounded by y = \/x_, v =0,and,x = 4,is revolved about y-axis.

Find the volume swept out.
A

Solution:

radius = x

height = f(x)=+/x

4 4 3
SV = IZm\/;dx = 2ﬂjx2dx
0 0

2 T 128
=2n|—x*| =—n
5 0

5
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H.W: Use Washer method to find the volume of the region bounded by the curve
y=x’+1 and the line y=-x+3, which is revolved about the x-axis.

Answer: V= ﬂ 7, unit volume

H.W: Find the volume of the solid generated when the region between the graphs of

equation FO.5+XZ, and y=x, over interval [0,2], is revolved about x-axis.
69 :
Answer: V= Eﬂ' , unit volume

3. Length of Plane Curves:
Length of the curve y=f(x) from x=a to x=b is:

b

L=I 1+(y') dx

a

Proof: Suppose the curve y=f(x) from x=a to x=b, the length is approximated by the

sum, Z\/ Ayk . J

At point (ck,dx),

A
f’(ck) Aj;k or = Ay, —fl(ck )Axk

k

3 T =S (e o)

k=1 Sy o

Ll

3
Example: Find the length of the curve y = Tx2 —1 from x=0 to x=1.

Solution:

23
3
1

I\)\.—

1
= 2\/§x2

l\)lw

y:

= [\1+ () dx = jmdx = E

(1+8x)2 } = %um’t, length
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Length of Parametric Curve:

If x=x(t), y=y(t), and a< t <b, then

b 2 2
L=I (QJ +(ﬂj dt
dt dt

a

Example: Find the distance traveled between /=0 and ¢ = %, by a particle p(x,y)

whose position at time t is given by x=sin’t, y=cos2t.

Solution:
X . (0,! k=0
— = 2sintcost 0,1) ¢
t
d . P(’L))])
—y=—2costs1nt :
t =R/

ch,0)
S L= \/(2sintcost)2 +(=2costsint)' dr = | \/8sin®tcos’ tdt

O o [N
St— N

T T T

2 2 V2 2
= \/EIZSintcostdt = \/E.[sin 2tdt = TIsin 26(2dt)
0 0

0

= —g[cos%];% = \/5

The Short Differential Formula:

2 2 2 2 2 I da
/dx dy \/dx , dyt ., |
— | dt =+|—+—dt = ,|—dt" +—dt
dr*  dr’ dr’ t? ;f

= \dx* +dy’ =ds
S L= Ids

Example: Show that the formula L = .[ ds , gives the correct result for the

circumference of circle of radius r. -
Solution: —t—
~ r 1
i F 4 I‘I
X=r cost |' '_iil—.'—"
. o
y=r sint 0<t<2m S
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dx = —rsintdt = and,dy = rcostdt
ds’ = dx* +dy* = rz(sin2 t + cos’ t)dt2 = rdt’
Sods =rdt
27
L= Ids = jrdt = [} =22
0

4. The Area of a Surface of Revolution:

Curve AB is revolved about x-axis to generate a surface.

L
P(x,y) Q(x+Ax,y+Ay)

v

=y, = y+ Ay, L=A(Ax) +(Ay)
A=r(r+n)L =72y + Ay W(Ax) +(Ay)

B B 2
Total, Area = Zﬂ'(2y + Ay)\/(Ax)2 + (Ay)2 = Zzﬁ(y + %Ay] 1+ (%) Ax
x=4 x=A4

If y and dy/dx are continuous function of x, the sums approach limit,

B 2
: . 1
S = J27zy 1+ (d_y] dx , and note we ignoring the term —Ay .
Y/ dx 2

Then, surface of curve y=f(x), a<x<b, revolving about x-axis is:

S= j:27zy\/1 +(y' ) dx

Example: Find the area of the surface obtained by revolving the curve FXUZ, 0<x=2.

Solution:

(2,02)
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1
=Jx=>y=—r
y y 2\/;

S = '2[272‘)/\/1 +(y' ) dx = jzn\/ﬂl +idx

4x +1 Jax+1
= [274x = 2J_
-] P
3 2
:ﬂj\/4x+ldx:ﬂ.[%i.(4x+l)z} :?ﬂ'
0

0

Other Form of the Integrals:

- If the axis of revolution is y-axis, the formula that replaces is:

S = jzmmdy

- If the curve given in parametric form, with x and y as a function of third

variable t, that is from a to b, then we may compute S from the formula:

S = IZp[f;j [?;jdt

p: 1s the distance from the axis of revolution to the element of arc length and is

expressed as a function of t.

- The formula for surface area are all have the form:

S = IZE(Radius)(band ,width) = .[ 2rmpds
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H.W: Find the area of the surface that is generated by revolving the portion of the

curve y=x", between x=1 to x=2 about the y-axis.
Answer: 30.85 unit area

Example: The line segment, x=sin’t, y=cos’t, 0<t<m/2, is revolved about y-axis to

generate cone. Find its surface area.

n (0, 1)

Solution: -

p=x=sin"t

@=2sintcost B(l,0)
dt
Q — _2 cost Sint e e, USROS AT A ‘
dt
b 2 2 %
S = '[27T,0 [ﬂJ + [QJ dt = .[277 sin 2t+/8sin” tcos’ tdt
/ dt dt 0

T

2

= 4\/57ZI sin’ ¢ costdt = 4\/577[% sin* t}
0

= 22(1-0)= 72

z
2

0

Example: Find the area of sphere generated by revolving the circle x*+y*=a®, about x-
axis.

Solution:

Note that half circle revolved about x-axis, then the limits of integration will be from

0 to m.

2 |
r
x=acosd@ = 0<0< r,and,y =asinf P L
dx = —asin 6, and,dy = acos G0 [ [/) e
g )
ds = \Jdx* +dy* =a’sin’ 0+ a* cos’ 0d0 = add —}—
p=y=asinf

~. 8 = [27pds = [ 274 sin 640 = 24’7 [ sin 640 = 2az[- cos O],
0 0 0

= 2a27r[1 + 1] =4a’n
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Example: The circle x2+y2=az, is revolved about the line y=-a, which tangent to the

circle at point (0,-a). Find the area of the surface generated.

Solution:

Here it takes the whole circle to generate the surface, this mean that we take the limits

from 0 to 2.

The value of X, y, and ds, as in above example, then:

p=y+a,and,dS:W:ad9 /ﬁ ------ i y
|/ 1 a

2z 2z 2z
n8= J.2ﬂpds = J.27z(y+ a)adf = 27z.[(a sin @ + a)ad
0 0 0

2z
= 2a2ﬂj(sin 6d0 +dO)=2a’r[-cos 6 + 0"
0

=2a’z|(-1+27)—(~1+0)]

=4a’r?
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Chapter Four

Transcendental Functions

4.1 Inverse Function:

The inverse of the function is symbol as f', and read "f inverse". The symbol -1 in

' is not an exponent. f 1(X) dose not mean 1/f(x).

. . 1
Example: Find the inverse of y = Zx +3

Solution: 1** find x in term of y

Then interchange x and y in equation (1):

y=4x-12
1
inverse,of,y=Zx+3:>is,y=4x—12

Example: find the inverse of function y=8x".

Solution: 1** find x in term of y, = x=

3
2" interchange x and y, = y= %
function.
3" check,
3
Vx x

=8 — | =8 —|=x
g [ 2 } (8)

=—38x" =—(2x)=x
y=3 5(2%)

4.2 The Inverse Trigonometric Functions:

y=sin"" x
Dom.—1<x<1

V4 Vs
Range,—— < y < —
8ET 202

Note: The (-1) in y=sin"'x is not exponent,

It mean inverse not reciprocal.
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The reciprocal of sinx is:

(sinx)" = L csex \ e

sin x

y=c0S Xx

The function, y=cosx also has an inverse: ‘\
1

Dom.—1<x<1

Range0<y<r

The inverse of other trigonometric functions:

1 y=tan’1x

2 y=cot'x

Dom.—o0o<x<o®
T T

Range —— Ly /—
& 2 Y 2

Dom.—o0 < x <0

» pia . Range 0Ly /L
cot x=——tan x
2
3 y=sec ' x Dom.|x| >1
-1 a1 T
sec” X = cos (—) Range0< y<rm,and,y # >
X
4 y=cscx Dom.|x| >1
. 1
csc” x=sin”'| — Range,—ESyéz,and,y;tO
b 2 2

4.3 The Derivative of the Inverse Trigonometric Function:

1 di (sin - u)

X

2 i(cos’1 u)

dx

3 di (tan - u)

4 i(cot’I u)z

dx

5 di(secI u)
x

Mathematics 1

du/dx
:\/1—2 -l <u<l
—u
du/dx
:_\/1—2 -l <u<l
—u
_ dujdx
1+u’
_du/dx
1+u’

du/ dx

e o1 Juls1
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6 lesetu)= - Jul>1
dx ufu? —1
Example:
y=sin"x*
, 1 d 2x
7T 1- () 'E( ')- I—x'
Example:

y=tan"'Jx+1

L d(ey 11
y_1+(\/m)2'dx(\/_l) (x+2) 2dx+1 2Vx+1(x+2)

Example:

y =sec” (3x)
3 1

1 d
oL Ay _
3xy(3x)? -1 x Bxyox> —1  [x/ox? -1

4.4  Integration Formula:

di .

1 I L —sin'u+C w <1
1-u®
du 4

2 '[ 1 = = —C0s8 u+C
—u
d

3 J uzztan‘lu+C For all u
1+u

1+ u?
d
5 U =sec'|u|+C
2
uvu” —1
d
“ =—cscu+C
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Example: ~= [tan‘1 x]i) —tan'l-tan'0=2-0="
o 1 4 4
2 : T T T
Example: I = [sec lx] , = ———=—
l xX\VXx _1 *3 6 12
V3
Note:
2 2 1
angle = =sec” —==>..secld ===
& 3 J3  cosd i 5
0
c.sec” 2 =30'=Z
NG 6
3
x2
Example: Evaluate j dx
1-x°
Solution: Compare with
=sin"u+C

J- du
sut=x = u=x=du=3x%dx
3xdx

du
Il

j—dx— I =%sin1u+C=%sinl(x3)+C

Example: Evaluate j & =
9-x

Solution:

dx dx dx
T
9[1_j 3 1{)
9 3
u=§:>du=%dx,or,dx=3du

) dx 3du du . o x
..J‘W_J‘3\/1—u2 _j\/l—uz =sin~ u+C =sin [§j+C
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4.5 The Natural Logarithm:
The natural logarithm y=/n x

Derivative 4 (Inu)= 1 du
dx u

Example: find dy/dx if y=in(3x’+4)

. 1
Solution: @ _ —(6 )= ?_x
dx 3x"+4 3x"+4
: . du
And, integration is j— = 1n|u| +C
u
Example:
3
J- cos. 0 40
2+sind

SR

Su=2+sinf = du=cosdo

o =| % = Inu|+ C = [In(2 +sin 0)]72; = In(2+1)-1n(2+(-1))

2

cos@
2+sind

— [N

SR

=In3-Inl1=1n3

note,In1=0

Example: Evaluate jm—xdx
X

Solution:

let,u=Inx = du = la’x
x

2 2
J.ln—xdxz.fudu =L yc= (1nx) +C
x 2 2

General formula for y=tanx and y=cotx:

Itan udu = —1n|cos u| +C = 1n|secu| +C

I cotudu = ln|sin u| +C
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Example: Proof that I tan xdx = In[sec x|+ C ?

Solution:

J'tanxdx = jSiﬁdx :—J‘wdx :—1n|cosx| +C
cos X COS X

= ln‘(cos x)fl‘ +C =Inlsecx|+C

Example: Evaluate I2x tan(Sx2 - l}ix

Solution:
[2xtan(5x? —1)ix = % [ tan(5x? ~1)(10xax) = %1n‘sec(5x2 ~1)+C

4.6  Properties of Natural Logarithm:
Properties of y=Inx are:

1. Domain, the set of positive real number, x>0.

2. Range, all real numbers, -co<y <o,

3. 1n(ax)=lna+1nx.

4. ln[fJ =lnx-Ina.

a

5. Inx" =nlnx.

6. Note that, In 1=0, and (In) of fraction is always negative.

S
N
N
(e}
00}
S

Mathematics 1

68



Dr. Anees Abdullah e il

Examples:

1n(%}zlnl—ln8:0—ln23 =-3In2
4
In4—1In5= 1n(§J =1n(0.8) = —0.2231
\ L N
In4/25 = In(25)s :§1n(5 ):51115

Example: ﬁndd—y,if,y = 1n$
dx (x—1)

Solution:
y=Inxvx+5-In(x—1) =Inx+InyJx+5 —31n(x—1)=lnx+%ln(x+5)—3ln(x—1)
cdy 1 1 3

T x+2(x+5) (x—l)
Jeosx

Example: ﬁndﬂ,if,y =— 0< x <m/2.
dx x°sinx

Solution: to simplify differentiation process, take the (In) for both sides;

VCOS X

x*sinx

Derivative,is -

S Iny=1In

=In+/cosx —ln(x2 sinx)z %1ncosx—2lnx—lnsinx

lady 1 (~sinx) 2 cosx

y'dx 2 cosx x sinx

dy j \/cosx( 1 2 j
Jo—= = ——tanx———cotx |
dx X

1 2
=y —Etanx———cotx

X x*sinx

4.7  The Exponential Function ¢*:
Properties of y=¢e™:
1. The exponential function y=e" is the inverse of natural logarithm function
y=Inx, that is e*=In"'x.

2. Domain of y=e”, -co<x<o0.

3. Range, y>0
4. The derivative is, d—(ex)ze", and if u is a function of x, then
X
i(e“):e"ﬂ.
dx dx
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5. Integration je“du =e" +C|

_ 1
,and,e” =—.

X

e

X +X2

6. e"e” =e

Note: Because y=¢* and y=Inx are inverse of one another, then, ¢"*=x, and Ine*=x.

Examples:
Ine* =2 Ine™ =-1
11’1\/_ :l In2 — 2
2 sin x :
Ine™* =sinx

=Ilne*” —=In5=2x—1In5

Examples: solve for y

1. Iny=x"

2 2

take (e) for both sides, ™ =e* =.. y=e"

2. ¢ =2+cosx = Ine” :ln(2+cosx):>y=%ln(2+cosx).

3. solve
-1 -1
ln(y—l)—lny=3x:>lny S PR ARL
y y
3x 3x 1
y—l=ye’ = y—ye :1:>y=l .
—e

Examples: Simplify,

l‘eln2+3lnx _ eln2.e3lnx _ eln2.elnx3 _ 2x3

2‘6—1nx+2x — e—lnx‘e2x — —
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1 tan'x

Example: Evaluate Sdx
o L+ x
Solution: substitute
_ dx
u=tan"' x = du = >
1+x
at,x=0=u=tan ' 0=0
_ T
at,x=1=u=tan'1==
4
letan"x n b3 z z
j 2dx=je”duz[e”]§=e“—eoze“ -1
o L+x 0

Or, substitute directly;

1

1 tan™ x : : 1 K2
tan~ x tan” 1 tan™ 0

I 2dx:[ezm x]:):ean —e™ —e4 —1

o L+x

4.8  The Function a* and a":
Properties of y=a*, if a is a positive real number and a#1

1. Domain of y=¢", -co<x<oo0.

2. Range, y>0.
3. a*=e"™.
. . . d d
4. Derivative, i(a")z a’ Ina, if u function of x, —(a“ )z a"na. 2
dx dx dx
. ‘ 1,
5. Integration, J.a du=——a"+C|
Ina
8 y=2"
6 4
>
4 4
2 4
|
-4 -2 0 2 4
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Example: Calculate the derivative y=3"".
Solution: y'=3*" In3 .cosx
Example: solve the above example by logarithm differentiation:
y =3"" = take,In
Iny=In3"" =sinx.In3
1ody dy

=1In3.cosx = — = yIn3.cosx =3""".In3.cosx
y dx dx

4.9  Base of Logarithms:

vy =log, x, can be calculated from the natural logarithm of a and x:

Inx
log, x =—
Ina
Example:
log, 10 = In10 _ 2.3025 _332)
In2  0.6931
In8 In2° 3In2 3
log,8=—=—F="=">
In4 In2 2In2 2

The same properties of (In) can apply to (log):
log, uv =log,u+log, v
log, = log,u—log, v

v

log,u" =vlog,u
L du

ulna dx

(log, u)=

Base 10 logarithm:
Base 10 logarithms, often called Common Logarithm.

Inx Inx

10 2.3026
s Inx =2.3026log,, x

log,, x =

dy

Example: solve the differential equation, d_ =2xe™”, given, at y=0, x=2.
x

Solution: separate the variables,

Mathematics 1
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%szdx:eydyzbcdx:ey =x’+C

=

use,the,condition =..e* =2 +C=>C=1-4=-3

el =x"-3=y =ln()c2 —3)

Example: find, y', if y=x3 e **cos5x, (Hint: use logarithmic differentiation).

Solution: take (In) for both sides

Iny= ln(x3e’2x cos Sx): Inx’ +lne™ +Incos5x =3Inx —2x +Incos5x

,,lyrzi_%M@)

y x cos 5x
Example: Evaluate,

=)= yF —2-5tanSx |=x’e ™ cosS){i —2—5tan Sx}
X x

I;Lezxdx _ %J}ezx (de) _ E[ezx ]::; _ %[e2ln5 _ ezm]: % :elnSZ Y ]: %[25 _ 9] _3

Example: Evaluate,

3
J‘esinx cos xdx = [esinx](’)r — esinn _esinO :eO _eO =0
0

Example: solve for y

xz+2x+1)

x? (2x+1) :ey = e(

e e =e¢’ => y=x>+2x+1

Example: solve fory,
1n(y - 2) = ln(sin x)— x= ln(y - 2) - 1n(sin x) =-x

1ny—_2=—x:>y_2

sin x sin x

X X

=e = y-2=e¢ ' sinx=y=e ".sinx+2
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Chapter Five

Methods of Integration

5.1 Basic Integration Formulas

There are integrals can solved directly, like:

e Power [u " du du
u
e Exponentials je” du ja”du

e Trigonometric Functions J.sin udu, J. cosudu, J. tan udu, J. cotudu

But, also, there are integrals can not solved directly. The goal of every methods of

integration is to change unfamiliar integrals into integrals we recognize.

dx
Example: Evaluate
P I 1+4x°
Solution: The standard form is I “ - = tan Tu+C
1+u

Solet,u =2x,and,du = 2dx = dx = %du

I dx I (2)01”

1

1

> = 5 =—tan"'u+C=—tan"' 2x+C
1+4x I+u 2
Example: Evaluate J.\/l —Sxdx

Solution: we substitute

u=1-5x=du =-5dx = .. dxz—édu

3

N o1 120 2 )
J. 1 Sxdx—J‘\/;( Sduj— SJ\/;du— 5.3u +C = 15(1 5x)2+C

Example: Evaluate

I sin(In x) s
x

Solution: Substitute ¥ =Inx = du = labc
X
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_[ sin(In x)

dx = jsinudu = —cosu+C =—cos(Inx)+C
x

v 1+ sin x cos xdx

Example: Evaluate

O o |y

Solution: Substitute u=1+sinx = du = cos xdx

3 3 I 2 2 3
I\/1+sinxcosxdx:Iﬁdu = §u2 =§[(l+sinx)z} =§|:(1+1)2
0 0 0

0

Example: Evaluate cos* xsin’ xdx

Oy |y

Solution:

T

(cos4 x —cos® x)sin xdx

Oy [N

4
cos? xsin® xdx = J.cos4 x(l —cos? x)sin xdx =
0

T

S [N O =—i N

5 7

0

5.2 Integration by Parts:

The integration by parts formula is:

[udv=uv—|vdu

Example: Evaluate I X cos xdx

Solution: we use the formula judv =yy— j vdu

u=x=du=dx
dv = cos xdx = vsinx

J.xcosxdx = xsinx—J.sinxdx =xsinx+cosx+C

Choosing u and dv:
For u: choose something becomes simpler when differentiated.

For dv: choose something whose integral is simple.

Mathematics 1

5 7 4
(cos“xsinx—cos"’xsinx)dxz{—COS Sl x} =(—O+O)—(—é+1j=i
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Example: Evaluate jln xdx

Solution: [udv =uv—[vdu

Let u=lnx = du=(1/x)dx = (simple when differentiated)
Let dv=dx=v=x = (easy to integrate)

J.lnxdx=xlnx—jx.ldx:xlnx—jdx=xlnx—x+C
X

Repeated Use:
Some times we have to use integration by parts more than once to obtain an

answer.

Example: Evaluate jx2exdx

Solution: use J udv =uv— J vdu

Let u=x’ = du=2x dx

Let dv=¢" dx = v=e"

J.xzexdxzxzex -2 J.xexdx .. (1)
by gz

Let U=x = dU=dx

Let dV=e¢"dx = V=¢"
Ixexdxzxex—Jexdx:xex—ex+C* ...
Substitute equation (2) in equation (1):

Ixzexdx =x’e" — 2(xex —-e' + C*)z x’e' —2xe" +2e* +C
Example: Evaluate Ie“ cos 3xdx

Solution: [udv =uv —[vdu

u=e" = du=2e"dx

dv=cos3xdx =>v= %sin 3x

J.ezx cos3xdx = lezx sin3x — %Jeh sin 3xdx
s 3 3.

2 1
*Note that the term 1 in the right side is the same as the term 2 in the left, but the
difference is sin3x and cos3x, so the second choose of u and dv must gives cos3x
inside the integration, in order to get similar terms.

Then, by parts again:
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U =e* = dU =2e*dx

dV =sin3x=V =—%c0s3x

J.ezx cos3xdx = lezx sin3x — 2 lezx cos3x + gfezx cos 3xdx
s 3 3 3 3

same,origin,int egral
2x 4 2x 1 2x 2 2x
Ie cos 3xdx+§Ie cos3xdx = ge sin 3x+§e cos3x

3¢ sin 3x + 2¢** cos3x
9

2x _: 2x
J-eZX cos 3adx — 3e”* sin3x 1+3Ze cos3x L C

1
—3J.€2X cos3xdx =

Tabular Integration:

Integral of the form I f (x)g(x)dx , f(x) can be differentiated repeatedly to zero; g(x)
can be integrated easily. Above integral can solve by parts, but it will be so
cumbersome.

There is a way to organize the calculations that saves a great deal of work. It is called

Tabular Integration.

Example: Evaluate I xsec” xdx by tabular integration, and then by parts.

Solution:

f(x) and its derivative g(x) and its integral

2

X + sec’x
1 _ * tanx

0  ’ -In(cosx)
J.xsec2 xdx = xtan x + In(cos x)+ C

By parts:

u=x=du=dx

dv =sec’ xdx = v=tanx

sin

Ydx = xtanx + In(cos x)+ C

J.xsec2 xdx = xtanx—Jtanxdx = xtanx—J.
coS X

Example: Evaluate I x’e*dx by tabular integration.

Solution: let f{x)=x" g(x)=¢"
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f(x) and its derivative 2(x) and its integral

szexdx =x’e" —2xe" +2e" +C
Example: evaluate Ix3 sin xdx

Solution: let f{x)=x" g(x)=sinx

f(x) and its derivative g(x) and its integral
3

b + sinx
3x2  -cosx
6x “ -sinx
6  * cosx

0 sinx

. 2 . .
Ix3 sin xdx = —x° cos x + 3x” sin x + 6xcosx — 6sin x + C

H.W: Evaluate I x*/x —ldx Using tabular integration.
3 5 7
Answer:gx2 (x—1)2 - ix(x —1)2 + i(x —1)2+C
3 15 105

Example: Find the area of the surface generated by revolving the curve

. ) T .
x=¢e'sint,y =e' cost,given,0 <t < > about the x-axis.

S= iznp (flx] (‘Z] dt

2 . . .
(—j e' cost +sinte ) =e”(cost +sint)’ = ez’(cos2 t+2sintcost +sin’ t)

1+2smtcost)
d—); 1 2s1ntcost)
" cost
S= 27:?6 cost\/e (1+2sintcost +1—2sintcost)dt = 2 j. cost\/Ze_z’d—Z\/_ﬂj.ez’costdt
0 0 0
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Integration by Parts:

u=e” = du=2e"dt,and,dv = costdt = v =sint

e’ costdt = e* sint — '[2@2’ sintdt .......(1)

SR

by, parts,again
~U=2e" = dU =4e”dt,and,dV =sintdt =V = —cost
j 2% sintdt = —2e* cost + j 4e* costdt.......(2)

Sub.eq.2),in,eq 1)

2t

e costdt = e* sint —| —2e* cost + 4| e* costdt

O o | N
O 0 |y

T

2
e* costdt + 4J.ez’ costdt = e* sint + 2e* cost
0

e’ costdt = %[ez’ (sinz + 2cost)]0% = é[e”(l +0)-1(0+ 2)] = %(e” - 2)

OV [N O 0 |y

Y

22

s e’ —2)

5.3 Positive-Odd Power of Sine and Cosine:
Example: Evaluate J.sin3 xdx
Solution:

J-sin3 xdx = J‘sin2 xsin xdx = j(l —cos’ x)sin xdx

Let,u = cos x = —du = sin xdx

I(l—u2X—du):J(u2 -1 u=§—u+C= Cojx—costrC

. . . . 71 .
Rule: |[sin®""' x =sin*" sinx = (sm2 x) sin x

We then set u=cosx, and —du=sinx dx, and evaluate the integral as follow:
J.sinb”1 xdx = J(l —cos’ x)n sin xdx = —J. (1 —u’ )" du
And for cosine:

J.cosz”“ xdx = J(l—sinz x)” cos xdx = J(l —uz)” du
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Example: Evaluate J‘sin7 xdx
Solution:
. 2n+l . .
sin”"" , = 2n+1=T=..n=3
. 3 . .
J.sm7 xdx = I(l —cos’ x) sin xdx = I(l —3cos® x+3cos* x—cos® x)smxdx
= J.(sinx —3sinx.cos’ x + 3sin x.cos* x — sin x.cos® x)dx

3 1
=—cosx+cos3x—§cos5 x+7cos7 x+C

Example:

2
J.cos3xsin5 xdx
2 2 ) 2 ,
= J.cos3xsin4 xsin xdx = J.cos%c(sin2 x) sin xdx = J.cos3x(1 —cos? x) sin xdx

2 2 8 14
= J.c0s3)c(1—200s2 x + cos? x) sin xdx = J.(cos3 x—2co0s3 x+cos 3 x]sinxdx

5 11 17
=—=cos’x+—cos? x——cos3 x+C
5 11 17

Products of Sine and Cosine:
The integrals of the product of sine and cosine of different angles values can be

solved as:

['sin nmxsin v = j% [cos(m — n)x — cos(m + n)xJix
[ sin mxcos nxdx = | % [sin(m — n)x + sin(m + n )xJix
[[cos mx cos nxdx = j%[cos(m )+ cos(m + )b

Example:

J.sin3x0055xdx =>:.m=3,n=5

cos8x N cos2x

Ler. . Lo :
= EJ. [sm(— 2x)+ sin Sx]dx = EJ(SIHSX —sin 2x)dx =16 1 +C
Example:
J.cos 3xcosdxdx =>m=3,n=4= J‘% [cos(— x)+ cos(7x)]dx = J.% [cos X +¢cos 7x]dx
0 0 0

T

_1L sinx+lsin7x _1 sin7z+lsin77z —sin0 =l(0—0)=0
2 7 2 7 2

0
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Example:

. 2
J.coss xdx = Icos“ X.COS xdx = _[(1 —sin? x) cos xdx
Let,u = sinx = du = cos xdx

:J.(l—uz)d :J.(l—ZLt2 +u4)1u :u—§u3 +%u5 +C:sinx—§sin3x+%sin5x+C

The Integral of Secant and Cosecant:

1 cosx coS X cosx
dx=|——-dx= dx = dx = d
J.SCCX X J.COSX X '[COSZX * J.l_sinzx o J.(l—SinX)(1+SiHX) 3

1+sinx

+C

. 2
1+sinx
cosXx

:lj‘( COS_x + COS_x jdx=l[—ln|1—sinx|+ln|1+sinx|]+C:lln
27\I-sinx l+sinx 2 5

1—sinx

+C=lm
2

:lln|1+s%nx‘1+s%nx|+c:lln
2 |1—s1nx 1+s1nx| 2

‘(1+sinx}
=1In
coS X

Isec xdx = 1n|sec X+ tan x| +C

(1+sinx)’

1—sin®x

+C=lm
2

(1+sinx)’

cos’ x

+C

+C=In ! +s1nx

+C = ln|secx + tanx| +C
COSX COSX

A similar integration for csc x:

Icsc xdx = — 1n|cscx + cot x| +C H.W

Example: Isec3 xdx

Solution: by parts
u =secx = du = sec x tan xdx
dv =sec’ xdx = v=tanx

Judv = uv—Ivdu
J‘sec3 xdx = secxtan x — Itanz xsec xdx = secxtan x —J.(sec2 X — l)sec xdx

=secxtanx — J.sec3 xdx + J.sec xdx

ZJ. sec’ xdx = secxtan x + J.sec xdx = sec x tan x + ln|sec X+ tan x| +C

1 1
J‘sec3 xdx = Esecxtanx + 51n|secx + tan x| +C
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Example: J‘tan4 xdx
Solution:
jtan4 xdx = Jtanz xtan® xdx = jtanz x(sec2 X — l)dx = jtanz xsec’ xdx — jtanz xdx

= jtanz xsec’ xdx—J.(sec2 x—l) xdx = Itanz xsec’ xdx — Isecz xdx + de

1
:§tan3x—tanx+x+C

5.4 The Even Power of Sine and Cosine:

—cos26

) .. ) ) 1 1 2
We see how the identities likesin® @ = Lsg

,and,cos” 6 =
2

, and

other relation can help us to evaluate integrals.

Example:
J‘cos4 xdx = J(cos2 x)zdx = ji(l+cos2x)2dx = ij(l+ 2¢0s2x +cos’ Zx)dx
1 1 3.1 I
=—J(l+2cos2x+—(cos4x+1)jdx=—x+—sm2x+—sm4x+C
4 2 8 4 32

Example: solve,

J.sin2 xcos* xdx = I(l —cos? x)cos4 xdx = J.cos“ xdx— J.cos6 xdx

last ,example

J.cos6 xdx = J.(cos2 x)sdx = %J.(l +c0s2x) dx = %J 1+3cos2x+3 Egﬁii}jﬁ cgscz)ici)zcx
2

1=sin2 2x | cos 2x

we now know how to handle each term of integral. The result is:
J.cos6 xdx = ix+lsin2x+isin4x—Lsin3 2x+C,

16 4 64 48
Combine with the result of last example:

J.sin2 xcos* xdx = J.cos4 xabc—jcos6 xdx = Lx—isin4x+ Lsin3 2x+C
16 64 48

V1+cosdxdx

Example: Evaluate

O |y

Solution: to eliminate the square root we use the identity;

1+cos26

cos’ @ = = 14c0s260 =2cos’ 0

by,comparsion : 1+ cos4x = 2cos’ 2x
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V3

4
|cos 2x|dx = \/5 J cos 2xdx
0

O o |y

3 n
\/1+c0s4xdx:I 2c0s22xdx=ﬁIVcosz2xdx=\/5
0 0

O — i |y

cos2x > 0,0n[0,%}

2

\/Eficos 2xdx = \/E[Sin zxf _2 (1-0)

0

Example: Evaluate

—o | N

N1—=cos? tdt

Solution: we use sin’t=1-cos’t /\
-1t/2 +

5 3
J.\/l—cos2 tdt = IVsin2 tdt = I|sint|dt \_/ "
=z _z _z

2 2

ISER]

v

SRR

—sint:>—££t£0
|sin| =
T

sint:>0£t£3

T

0 2 z
|sin t|dt = I— sin tdt + J.sin tdt =[cost]’, —[cost]? =(1-0)-(0-1)=2
z 0 2

—to [N

2

SRR

2

5.5 Trigonometric Substitution: that Replace &b, &+l and uP-d, by Single

Squared Terms:

Trigonometric substitutions enable us to place binomials a*-ul, a+ul, and uP-a’ by
single squared terms. The substitutions most commonly used are:

u=asin@

[ ]
nat—ut=a*-a’sin’ 6= az(l—sin2 6?)= a’cos’ 0

u=atand

[ ]
nat+ut=a*+a’*tan’ 0= a2(1+tan2 6?)= a’sec’ @

u=asect

[ ]
2 2 2 2 2 2 2 2 2
LU —a-=a"sec@-a =a (sec 9—1)=a tan~ @
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du

Example: Evaluate J‘ﬁ
a +u

Solution:

qu
let,u = atan@ = du = asec’ 6d6,and,0 = tan ™" —

a
nat+u? =a* +a’ tan? 19:az(1+tan2 9)=a2se029
d 260d6 1 o 1
= “ :j“sfc / :—jd9=—+cz—tan'lﬁ+c
a +u a‘sec @ a a a a

Example: Evaluate

J.L a>0
va2 —u2

Solution:
. .o u
u=asin@ = du=acos@dd,and,0 =sin”' —
a

. .. T Vs
for,sin™', the, domain, lS,—E <6< By

nat—ut=a*—a’sin® 0:a2(1—sin2 0):a2 cos’ @
acosfdo Jacosﬁdg

J- du :J- _
Ja? —u2 lacos

=J.d<9=¢9+C=sin’lz+C

a

= acosHZO,for,—%SBé

i
acosf 2

-n/2 /2
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Example: J.L a>0

va* +u’
Solution:
u=atan = du = asec’ 6d0

Tcp<”
2 2

nat+u’ =a* +a’tan? 19:az(1+tan2 9)= a’sec’ 0

J‘ _J- asec” 6d6 _J-aseczede
\/a +u’ “a’sec’6d ° |asecdd)

\/a2+u2 Z

=Iasec@d@=1n|sect9+tant9|+C:1n +C

a a

l\/a2 +u’ +u

a
where,C'=C —Ina

=1In +C=InNa*+u* +ul+C’

Example: Evaluate

x*dx
I

Solution:

like,a* —u* = 9—x* :(3)2 —x?

.'.x=3sin0:>dx=3¢059d6?,and,0:sin‘1§:>.'. —%g 0 <

9—x>=9-9sin" 6’:9(1—sin2 9):90032 6

= sec )0, for,

NN

Tcp<Z
2 2

V9-x2

u
u=atanf = tanf = —

secd =

J- x*dx :I9s1n 60.3cosbdO 9Jsm 040 = 9.[[1 cos26?jd9

V9 — x?

=2[6’— Sln29j+C=%(9—sinHCOS¢9)+C

|3 cos ¢9|

2 2
2
it XX NI Y X o
2 3 3 3 2 3 2
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5.6 Integrals Involving ax’+bx+c:

By using the algebraic process called Completing the Square, we can convert any
quadratic ax’+bx+c, a#0, to the form a(U™+A?%), and then we can use one of

trigonometric substitutions.

Example: completing the square of:

4x2+4x+2:4(x2 4‘x)+2=4(x2 +x+i—ij+2:4(x2 +x+ij+2—1
2 2
—dxr ] viodfxel) <L :4(U2+A2)
2 2 4

Example: completing the square:
9

2x% +4—6x = 2x> —6x+4:2(x2—3x)+4:2(x2—3x+%—zj+4

o s (x_g_gz{(x_gf_@2}2@2_#)

Example: Evaluate

J- dx
V2x—x?
Solution: first, completing the square of:
2x—x* = —(x2 —2x)= —(x2 —2x+1—1): —(x2 —2x+1)+1
= (x—1F 1= -1 —]=Ju? —1]=1-02

=sin"u+C=sin"(x-1)+C

i dx du
”J.\/Zx—xz _J\/l—u2

dx

Example: Evaluate Iﬁ
x° +4x+

Solution: completing the square of:

2 2
4x° +4x+2:4(x2 +x)+2=4(x2 +x+%]+1:4|:£x+%] +%:|:4{u2+(%j }
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J- dx 1 du
4x* +4x+2 4 (1)2

u’+| =

. . o 1
use, trigonometric, substitution = u = atan @ = du = asec’ 0d0 = a = —

lJ' du :_J~ B J-asec 2 6d6 d(9 l[Q+C}
421 u’ +a? asect94a 4| a
+7
2
u

.l.tan’1 [—J +C= ltan’1 (2x+1)+ C
a a 2

Generally: The rule for completing the square:-

2 2
ax? +bx+c=a(x2+2x]+c:a(x2 +éx+ b }+c—i—

2

a a 4a a
2 2 2 )
4ac — dac —
=da x+i +Lb=a x+i T 2b =a[u2iA2]
2a 4a 2a 4a
_ 2
where,u =x+i,andﬂ_r,42 :M
2a 4a

H.W
| j— dx T
SV3=2x—x? 6

X x—2
2. | —=——dx=—V5+4x—x* +2$in'(—]+C
J.\/5+4x—x2 3
=9 —dx=3-242
-Xx

4. J‘%dlen\/_——
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5.7 The Integration of Rational Function_Partial Fractions:
We now come to the method of partial fraction, the basic technique for preparing
rational functions for integration.

Example: two linear factor in the denominator, evaluate J %dx
x+1)x—

First: x—3 = A B

Gr)x=3) (c+1) (x-3)
We call A and B undetermined coefficients

5x-3=A(x-3)+B(x+1)=(4+B)x-34+B

x=>5=A4A+8B
x'=>-3=-34+B
LA=2,and,B=3
- 2

J. Sx =3 dxz.[ dx+.[ 3 dx=2ln|x+l|+31n|x—3|+C

(x+1)x-3) x+1 x-3

. . . 6x+7
Example: a repeated linear factor in the denominator, express ( 2)2 as a sum of
X+

partial fraction.
Solution:

6x+7 A B

(c+2f x+2 (x+2)
6x+7=A(x+2)+B=Ax+24+B
x=>6=A4

x"=>7=24+B

S A=6,and,B =-5

C6x+7 6 5
T(x42) x+2 (x+2)

Example: A quadratic factor in the denominator, solve, J. 2_ 2x+4 ~dx
‘x +1 ix -1)
Solution:
-2x+4 Ax+B C D
(1o 1f 4l a1 (1)
—2x+4=(Ax+B)x—17 +C(x—1)x* +1)+ D(x* +1)
~2x+4=(A+ B +(-24+B-~C+ D}’ +(4-2B+C)x+(B-C+D)
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X2 0= At B (1)
x> =0=-24+B~C+Du.... 2)
X=-2=A-2B+Cuceeeerrccere.. 3)
X S 4 =B—C+ Do, (4)

subtract,eq(4),and,eq(2)= A4 =2
from,eq.(l) = B= 1,and,fr0m,eq.(3):> C= —2,and,fr0m,eq.(4):> D=1

J' -2x+4 J-2x+l N 1 x:J~ 2x N 1 3 2 N 1 -
ix2+1ix—1 x4+l x=1 (x-1) X+l xP 41 x=1 (x-1)

=ln(x2 +1)+ tan‘lx—21n|x—1|—%+C
Y

Notes: for f(x)/g(x):
1. let (x-r) be a linear function of g(x). Suppose (x-r)" is the highest power of (x-
r) that divides g(x). Then the sum of m partial fraction to this factor as follows:
A, A, A, A

(x—r)+(x—r)2 +(x—r)3 +ot '"

2. let (x’+px+q) be an irreducible quadratic factor of g(x). Suppose (x’+px+¢)" is

the highest power of this factor that divides g(x), the sum of the n partial

fractions is:

Bx+C, N B,x+C, N B,x+C, .y B x+C,

(x* + px+q) (¢*+ pr+q) (2 +px+qf (x> + px+q)
4
Example: Evaluate -[x3 +;C;2 1o
Solution:
x+4 x+4 x+4 4 B C

Y13 -10x x(x2+3x—10): x(x—2)(x+5):;+x—2 +x+5
x+4= A(x—2)(x+5)+Bx(x+5)+ Cx(x-2)
x+4=Ax"+54x-2A4x—104+ Bx* +5Bx+ Cx* = 2Cx
x+4=(A+B+C)x’ +(5B+34-2C)x~104
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X’ =>0=A+B+C....... (1)
x=>1=5B+34-2C...... (2)
X' =4=—10Ane.... (3)
A:—E,Bzg,(md,C:—L
5 7 35
.‘.I%dx:—g @ —I dx
x”+3x" —10x 59 x x—2 35 x+5
=—=In|x]+ =In|x - 2| - —In[x + 5|+ C

5.8 Integration by Rational Function by sinx and cosx (z integration
method):
This method can be used when we have fraction contains sinx or cos x. we can use the
following substitution:

X
z =tan—
2
1-2z2
cosx = >
1+z
. 2z
sinx =
1+z2
dx = zzdz
1+z
Example:
2dz
2
j dx :I 1+z 2=Igdz:'[dz=z+C:tan£+C
1+cosx 1-z 2 2
1+ 22
Example:
2dz 2
J- d)'c _ 1+z J 1+z ZJ' 22 dz=.|. 22dz
l—-sinx 1+z 1+z° -2z (z-1
1+ 27 142
=2j(z—1)*2dz= "2 -2 ¢
(z-1) (tanf—l)
2
HW | dx
2+sinx
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5.9 Integration by substituting u=z"
This integration is used when root term present in integration:

Example:

J' x+2
Nerai

let > x+1=z" =2 z="x+l=>x=z2"-1= dx=2zdz

J‘m(zzdz) = [ 2+ 2 [z* + 1z

V2
3
=2(Z?+z)+C:§(\/x+1)3+2\/x+1+C

Example:

J.x3\/x2 +a’dx

let >z =x*+a*=>x*=z"-a’*=> x=Vz"-d* :>dx=22—dz
2WzP—a?
I(sz -a’ )3\/2_2% =J‘(z2 ~a’).z’dz =J‘(z4 ~a’z)dz
z°—a

5 3

Z5 aZZ3 ( x2+a2)5 aZ( x2+a2)3
e +C

Example:
I Vx dx
1+4/x

_ 4 _ 4 _ 3
let=>x=z :>Z—\/;:>dx—4z dz .
5 5
~ Ve A4z%dz = 3dz=4j Z_ 4z = By long division =| -2 )Z
14424 I+z AT
z’° 1 4
S A R -
1+z 1+z 3 4
Z5 Z4 Z3 22 Fz ==
=4(-—+—-"+z-Inl++C 3
5 4 3 2
Y W)t @)} @ )3 ¥ F7°
SOV A M 5 S 5 S R N Y FeEe
5 4 3 2 L
tz 27
z
FlFz
-1
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Chapter Six

Hyperbolic Functions

6.1  Definition:
Some combination of e and e™ are called hyperbolic functions. The hyperbolic
sine and hyperbolic cosine are defined by following:

Hyperbolic sine of u:

sinhu = —— ¢
and,
u + —u
coshu = ¢
2
Note that:-

cosh u is often read "kosh u", and sinhu is often read "cinch u" or "shine u". Just as
cosu and sinu may be identified with point (x,y) on the unit circle x’+y’=1, the
function coshu and sinhu may be identified with the coordinate of pint (x,y) on the
unit hyperbola x’-y’=1.

To check:

x=coshu | . .
. Lies on the unit hyperbola, then
y =sinhu

xz_yz =1

cosh?u —sinh?u =1

Pccosh uysinha)

x =coshu :%(e“ +e'“)

: _ 1
e",always,+ve,and,e™ = —also +ve
e

then, x,always + ve
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sinhu e"—e™
tanhu = =—
coshu e"+e

coshu e"+e™

cothu = — =—
sinhu e" —e
1 2
sechu = = —
coshu e"+e
1 2
cschu = =

u —u

sinhu e —e
We have that:
cosh® u —sinh”u =1
1—tanh® u = sech’u
coth’ u—1=csch’u
and,
coshu +sinhu = e"

u

coshu —sinhu =e”

Thus, any combination of ¢ and e¢™ can be replaced a combination of sinku and
coshu.

The graphs of the six hyperbolic function are:

Notes:
e Since, coshO=1, and sinh0=0, the hyperbolic functions (all six of them) have

the same values at zero that corresponding trigonometric function have.
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e The trigonometric functions are, periodic while the hyperbolic functions are

not.

e The range of hyperbolic function and trigonometric functions are also very

different:
sinx: oscillate between -1 and 1.
sinhx: increase steadily from -co to +oo.
COSX: oscillate between -1 and 1.

coshx: varies from +oo to 1 to +oo .

tanx: varies from -co to +o0.
tanhx: varies from -1 to +1.
Identities:

sinh(x + y) = sinh x cosh y + cosh xsinh y
cosh(x + y) = cosh x cosh y + sinh xsinh y
sinh 2x = 2sinh xcosh x

cosh2x = cosh” x +sinh” x

h2u +1
cosh?y = oshau+?

. h2u -1
sinh?y = 9524 =2

cosh”u —sinh’u =1
Examples: write as simply as you can:

Inx —Inx
1.2cosh(Inx) = 2($j !

=x+—
2 X
1
Inx —Inx X—— 2
e’ —e x x -1
2.tanh(1nx): ———— = =2
e +e x°+1
X+—
X

3.cosh 5x + sinh 5x = ¢*
4.cosh3x —sinh3x =e"

5.In(cosh x + sinh x )+ In(cosh x — sinh x)

In(cosh x + sinh x ) cosh x — sinh x)] = ln(cosh2 x —sinh’ x) =In(1)=0
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6.2  Derivative and Integration:

Derivative:

i(sinh u) = cosh uﬂ

dx dx
i(cosh u) = sinh uﬂ

dx dx
i(tanhu) = sechzu.d—u

dx dx
i(coth u)= _eschu 2t

dx dx
i(sec hu) = —sec hu tanh ud—u
dx dx
i(csc hu) = —csc hu coth u%
dx dx
Integration:

J.sinh udu =coshu +C

J.cosh udu =sinhu +C

J.sec h*udu = tanhu + C
J.cschzudu =—cothu+C

J.sec hu tanh udu = —sechu + C

J. cschu cothudu = —cschu + C

Example: I coth Sxdx

Solution:

Icoth Sxdx = lJ‘co‘[h 5x/(5dx) = l.[ 09sh 5dex _1 1n|sinh 5x| +C
5 57 sinh 5x 5

Example: Evaluate J. x sinh xdx

Solution: Integration by parts
J.udv =uy— J.vdu
u=x=du=dx

dv = sinh xdx = v = cosh x

J.xsinh xdx = xcosh x — Jcosh xdx = xcoshx—sinhx+C
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Example: Evaluate I e” sinh xdx
0
Solution:
In4 In4 x _-x In4 2x _ In4 In4
jex sinh xdx = Je'”(e—e)dxz I (e l)dle z Jezxdx— Idx
0 0 2 0 2 2 2 0 0
2x In4 2In4 In16
et x| _em 4 1 _e” 22 1, 5 1 15 .,
4 2] 4 2 4 4 2 4 4 4
Examples: find dy/dx
1.y =sinh3x
y"=3cosh3x

2.y = cosh” 5x —sinh* 5x

note,that,cosh” x —sinh? x =1 = cons tan¢
y'=0

3.y = coth(tan x) = y’ = —csch’(tan x).sec” x

4.y =sech’x +tanh” x

y' = 2sec hx.(—sec hx tanh xdx) + 2 tanh x.(sec h 2xdx)

= —2sech’xtanh xd + 2sexh’®xtanh x = 0

5.y = sin " (tanh x)

!

1 2
Y = ———sech’xdx = sech’x

vJ1-tanh? x sec hx

dx = sec hxdx

sec’ x

6.sinh y = tanx = cosh y.)’ =sec’ x = y' =
cosh y

Example: Evaluate

IJ s1nhx Jcosh xsmhxdx——lcosh x+C——lsech x+C
cosh* x 3 3
2.I&dx:ln(l+coshx)+C

(1+coshx)

In2 2 x —
3 J-l 6_2 dex & = J' ¢ —e” —dx = Jtanhxdx— J. s1nhx

) +e e’ 0 e +e” cosh x

= [In(cosh x)J;* = In(coshIn2)—Inl= ln%
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4. Use tabular integration to evaluate J x* cosh xdx .

ftx) 2x)

X’ “ coshx
2x \—» sinhx
2 \4-* coshx

sinhx

Ixz cosh xdx = x* sinh x — 2xcosh x + 2sinh x + C

Example: the region between the curve y=sinhx, and y=coshx, and the lines x=0 and

x=3, is revolved about the x-axis to generate a solid. Find the volume of the solid.

y=coshx
4 4 : .
]:SMAX
< 4 e :
’ * >
1
‘
1
v x=0 v ' x=3
1

Solution: the volume can be obtained using washer formula

V= j’ﬂ'[Rz(x)— r’ (x)}lx

a

3 3

- I;z(coshz x —sinh? x Jdx = I;z(l)dx =[] =37
0 0

6.3  Inverse Hyperbolic Function:

The graphs of y =sinh ™ x, y = cosh™ x,and, y = sech”'x, are shown below. Note

the symmetries about the line y=x.

—Fagh X
:'.-"‘:I""'r _;'--5'5

F Y




Dr. Anees Abdullah e il

y=sinh'1x " is read y equal the inverse hyperbolic sine of x".

Domain of:

y=sinh™'x, -00< X <00,
y=cosh™'x, x>1
y=sech'lx x interval (0,1].

The other inverse hyperbolic functions are:

T
&

i o, . g

Useful Identities:

The inverse hyperbolic secant, cosecant, and cotangent satisfy the identities:

1

-1 -1

sech  x=cosh™ —
X

_ P |
csch'x =sinh ' —
X

1
coth™ x = tanh " —
X

Logarithmic Formulas for Evaluating Inverse Hyperbolic Functions:

° sinh_'len(x+\/x2+l) -00< X <00,
. cosh_'len(x+\/x2—1) x> 1.

° tanh_llelnH—x |X|<1.
1—-x
I_ 2
. sechlx:ln[ulzcoshltlj O<x<1.
X X
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/ 2
° CSCh_llen[l-i- I+ x }zsinh‘l(lj x # 0.

X |x| X
e coth™ x—%li—j—tnh (ij |x|>1.
Above are a conversion formula, when hyperbolic function keys are not available on a
calculator.
Example:

(In5-1n3)=0.25541

N | —

1 o1ty j 1.5
tanh™'| — |=—In =—InT==In=-=
4 3 2 3
4

1
Example: Derive the formula tanh™ x = —1 i.

1-x

sinh (ey e Y%

Solution:

1
}

let,y = tanh ™' x,then,= x =tanh y =
coshy e‘ +e y) i
e}’

e? +1

2y =In| — I+x :>y=lln Irx = tanh ™'
1-x 2 \1l-x

The other formula can be derived in a similar way.

2y
e’ —1 : 1+x
X=— :>xezy+x=ezy—1:>1+x:ezy(1—x):ezy=(—]

Derivative and Integration:

Derivative:

d = sinh " u)= m Zz
%(cosh'u)- —— =
%(tanhl u)=1 ! 2.% luC1
%(coth' u)= 1 1u2 .% jup1
Slbeei )= G = ot
L fese )HI—JI—Z_:‘O
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Integration:

j du =sinh ' u+C
1+ u?

j du =coshu+C

vu? -1

J. du tanh " u +C = |u|<1 1 |
_— = —1n
coth'u+C=upl| 2

l+u+C

1—u? 1-u

du 1
— = —sech'lul+C=-cosh™'| = |+ C
e = —seci | )
=—CSCh1|M|+C=—sinh'(iJ+C

J- du
uvl+u? |”|

Example: evaluate 2xtanh™ xdx

S 1o | —

Solution: integration by parts

Iudv = uv—J.vdu

let,u =tanh™ x = du = dx

1—x?
dv =2xdx = v =x’
x2

1—x?

long ,division

I2x tanh ™ xdx = x* tanh ™" x —I dx

1
2
X 1 ) 2
- =1+ - x°—=1)x

Partial, fraction ix2 +1
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1 1 A B

ol G)o=1) G =1)

1=A(x—1)+B(x+1)= Ax— A+ Bx+B =1

.‘.le,arnd,A:—l
2 2
x? 1( 1 1 j
S =1+ — -
x° =1 2\ x-1 x+1
q > ~ 1( 1 1
.'.J.thanh xdx = x” tanh x+I l+—| ———— | [dx
2\x-1 x+1

=x?tanh~ x+x+51n|x 1|—Eln|x+1|+C x* tanh™ x+x+—ln

x—1
x+1

+C

For, limits,of ,int egration :
1

3 1
2 2 >
J.thanh'xdx—{—l 1+_er 11 } l é l l é
g 2 1-x 2 |x+1 8 1) 2 /

T U YR PO L P L P A AT
8 2 2 3 8 2 2 8 2 2 2 8

Example: show that sinh™ x = ln(x +x+ 1)

Solution:

(ey—efy)
2
2x=e’ —e™” :>2x=e’y(ezy —1):> e’ —1=2xe’ = e* —2xe’ —1=0
—b++b* —4ac
2a
(ey)2 —2x(ey)—1=O:> ~a=1,b=-2x,and,c =-1

'ey_in\/4x2+4 2x+2\/x +1
o 2

let,y = sinh?'x= x= sinh y =

solve,by = az* +bz+c=0=>..z=

x+

e’ always +ve

et =x+x +1 :>y:1n[x+\/x2 +1]=sinh’1 X
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Problems:
1. If sinhx=tany, show that, x=In(secy+tany).
2. If a=c coshx, and, b=c sinhx, prove that (a + b)ze"zx =a’-b*.
x* -1
3. Show that, tanh‘l( - j =Ilnx.
x”+1
4. Solve for real value of x, 3cosh2x=3+sinh2x.
5. Prove that, m =e™.
1—tanh x
6.

. 2 1+1¢
If, t= tanh(gj , prove that, sinhx = —ZQ,and ,coshx = "

1-¢

the equation, 7sinh x+ 20cosh x = 24.
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Chapter Seven

Matrices

7.1 Determinants:

A rectangular array of numbers like:

2 1 3
A=
{10—2}

Is called a matrix. We call A, a "2 by 3" matrix because it has two rows and three
columns. An "m by n" matrix has m rows and n columns, and entry or elements
(numbers) in the i™ row and jth column is often denoted by a;;.

j" column

i"row . . a.

The matrix:

21 3
A=
1 0 -2
Has, a11=2 6112=1 6213=3 6221=1 a22=0 6123:-2.
A matrix with the same number of rows as column is a square matrix. It is a matrix
of order n if the number of rows and column is n. With each square matrix A, we

associate a number det A, or | ajj | , called the determinant of A, calculated from the

elements of A.

For,n=1
det[a]=a
For,n=2
a a
1 12
det :| =4 dy —dydp
|4y Ay
For,n=3
ay a4 4y
det Ay Ay Ay Ay + a, day
et a, a, day|=4a, 12 ag
as 33 as, 33 31 A3
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Example: Find the determinant of the matrix A:

2 1 3
A=|3 -1 -2
2 3 1
Solution:
-1 =2 3 -2 BB -1
detA=2|3 1|—1|2 3 3|=2(—1+6)—1(3+4)+3(9+2)=10—7+33=36

Useful Facts about Determinants:

1. If two rows of a matrix are identical, the determinant is zero.

2. Interchanging two rows of a matrix changes the sign of its determinant.

3. If each element of same row or column of a matrix is multiplied by a constant c,
the determinant is multiplied by c.

4. If all elements of a matrix above the main diagonal (or below it) are zero, the
determinant of a matrix is product of the element of the main diagonal, for

example:

Mair.f"diagonal

7.2 Cramer's Rule:

For the system of equation:
a,x+a,y=>b
a,x+a,y=>b,

D =detd= G o

ay A4y

If D=0, the above system has unique solution, and Cramer's rule state that:

b, a,
_ b, a
X =
D
a, b
y= a, b,
D
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Example: Solve the system
3x-y=9
x+2y=-4

Solution: The determinant of a matrix is:

3 -1
D= =6+1=7
1 2
9 -1
4 2| 18-4 14
X = = :—:2
D 7 7
39
1 -4 -12-9 -21
y: = = :—3
D 7 7

Example: Solve the system of equations:
2x,+x, —x; =4
X, —2x, +x; =-10
=3x,—2x,=9

Solution: First the matrix A and B:

2 1 -1 4
A=|1 =2 1 |,and,B=|-10
-3 0 =2 9

- 11 1 -2
A=2 -1 - =2(4-0)-1(-2+3)-1(0-6)=1
det ‘ _2‘ ‘_3 _2‘ ( ){_3 O‘ (4-0)-1(2+3)-1(0-6)=13
4 1 -1
=10 =2 1) 2 1| F100 1| =10 -2
L1990 -2 Jo -2 ]9 -2 ]9 0 _4(4)—1(11)—1(18)__1
b 13 - 13 - 13 N
2 4 -1
1 -10 1 10 1 11 1 -10
R Y P
-3 9 =2 9 -2 |-3 -2 -3 9 22 -4+21
x2= = = :3
13 13 13
2 1 4
1 -2 -10| -2 -10] |1 -10 |1 -2
2 -1 +4
L3 9] PR i o‘_z(—ls>—1(—zl>+4<—6>_
P 13 - 13 - 13
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Example: Use Cramer's rule to solve the system:
3tan” x+y =3
2tan’ x -3y =13

Solution: Let u=tan’x, then the system becomes:

B3u+y=3
2u-3y =13

. 3.1 3
the, matrix, A = ,and,B =
2 -3 13

sdetd=-9-2=-11

3 1‘
13 -3 —-9- _
u= = 9 13: 22=2:>.'.tan2x=2:>tanx=\/§:>.'.x=tan’l\/E
-11 -11 -11
3 3
_2 13_39—6_ 33 _
Y -11 -11 -11
H.W

1. Solve the system of equation
3tan’x+y =3

2sec’ x-3y =13

2. Find the values of x, y and z from the system of equations:

1
tanzz——zz—l

—y*sin’ z+(2—3y2)cos2 z=0
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Example: Application

For a simple electrical circuit

30 7Q

AN A /\/\/\/\ 3V

I I
D N

2Q
. D

5
10Q2 v

Where I in amperes, V in volts and R in ohm.

Solution: From the basic Kirchoff's laws:

e For each closed circuit the total algebraic sum of e.m.f is zero.

e At each nodal point there is continuity of current.

10=6(1, - 1,)+5(1, - 1,)+31,
3=71,+5(I,-1,)+2(1, - 1,)
5=2(1,-1,)+6(1, - 1,)+101,
The set of equation reduced to the following:
141, -51,-61, =10
-51,+141,-21, =3
-6/,-21,+181, =5

14 -5 -6 10
Then, the matrix A=|-5 14 -2 |,and,B=| 3
-6 -2 18 5

We now can find each current /;, 15, and I; by Cramer's Rule.
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14 -2 -5 -2 -5 14
D =det4=14 —(-5 +(-6 = 2398

~2 18 6 18 6 -2
10 -5 -6
3 14 -2 14 -2 3 -2 3 14
10 —(-5 +(-6
L 5 -2 18] 2 18 5 18 5 -2 _ 284043204456 _
R D - 2398 B 2398 o

In the same way we can calculate the values of other currents, then:
I, =0.814,and,I, =0.824.

7.3 Minors and Cofactors:

For the formula:

Ay, Ay ay Ay

detla) a, ay|=a —ap, ta;,

asz Ay as;  dy

The second order determinant on the right-hand side of above equation is called the

minors.
a a
22 23| - .
is the minor of a;;
s, ds;
a a
21 23 - .
is the minor of a;,
ay; dy
Generally:
dy Gy Ay
& @ @ The minor of ay is | @3
21 "”522 23 22
as;  ds
Ay Gy Ay
a, 4 4y
. . ap,
i GogyCligg The minor of a3 is
as  dxy
as;  4s Ay

The cofactor of aj; is the determinant A;; that is (-1)"™ times the minor of aj;.
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a a a a
242|911 13 1 13
Azz - (_ 1) -
a3 dz| |43 4s
a a a a
243|411 12 1 12
A23 (_ 1) -
as; Az as; Az

7.4 Transpose of a Matrix:
The determinant of transpose of a matrix is to write the rows as column, for
example:
ay 4 ap ay 4y 4y
A=|a, a, a, |,Matrix,Transpose = A" =|a,, a,, a,
d; Ay Ay a3 4y dj
7.5  Matrix Algebra:
1. Equality of Matrices: Two matrices are equal if and only if they are of the
same order and their elements are equal.

2. Addition: Consider the two matrices;

a, dp b, b,
A=|a, a, |and,B=|b, b,
as; 4y by, by,
Then,
a, 4dp b, b, a,+b, a,+b,

A+ B = a, a4, |+ b21 b22 a,, +b21 a +b22

as, A by, by, a, +by,, a, +b,
e Note that no meaning can be attached to addition of matrices of different
order.
e A+B=B+4
e (4+B)+C=4+(B+C).

3 6 0 2 3
Example: 7 2|+|-1 5
50 3 -2 8 -2

3. Multiplication by Scalar: If a matrix is multiplied by a scalar then every

element is multiplied by the same scalar.
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Examples:

A

4. Zero Matrix: The subtraction of two equal matrices of order mxn gives a zero

matrix of order mxn.

18 13 8 18 13 8 0 00
Example: - =
8 13 -12 g8 13 —12 0 00
5. Multiplication of Matrices: Given a matrix A of order mxn and a second

matrix B of order nxp, the product AB is a third matrix C of order mxp.

a4y b b
1 12
A=l|a, a, |,and,B =
b, b
o Op
a;; a4
a,b, +ay,b, a,b,+a;b,
S AB=C=|ayb, +ayb, a,b,+ayb,

ayb,, +ayb, ayb, +ay,b,,

53
2 31 10+12+3  6+0+1 25 7
Example:{ }4 0 ={ }:[ }
3

-1 2 4 -5+8+12 -3+0+4 15 1

(2x3) (3%x2) (2x2)
matrix

5 3 10-3 15+6 5+12 7 21 17

2 31
Example: | 4 0{ }z 8+0 12+0 4+0|=|8 12 4

-1 2 4
31 6-1 9+2 3+4 5 11 7

(3x2) (2x3) (3x3)
matrix

Note that for the product of AB to exist it is essential that there are the same number

of columns in A as there is rows in B.
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2 4 _
Example: 3 1[5 6 7] “has no meaning"

(2x2) (1x3)
e We can not product the above matrices, because number of columns in the

first matrix not equals the number of rows in the second matrix.

e Note that, also, ABZBA.

D )
ol

6. Unit Matrix: It is matrix whose elements in the main diagonal are all equal

Examples:

one, and denoted by I,,, for example:

I, 2[1]

1 0
1, = {

S = O
- o O

3

Example: Evaluate /4 and A/ when, 4 = L 4

2
3} ,and 7 is a unit matrix.

Solution:

1 03 7 2 37 2
4= =
{0 I}L -4 3} L -4 3}

1 00
37 2 37 2
And, Al = 0 1 0]=
1 -4 3 1 -4 3
0 0 1

We can see that /,4=A4
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H.W
2 1 1

If A=|1 2 1| then,show,that,A>* —5A+4I =0
1 1 2

7. The Inverse Matrix: To find the inverse of matrix whose determinant is not

Z€10:

a- Construct the matrix of cofactors of A

A4, A, A,
cofd=| 4, 4,, Ay
4y A4, A

b- Construct the transposed matrix of cofactors (called the adjiont of A)

A, Ay A4y
adjA = (COfA)T =4, Ay Ay,
A, A A

13 23 33
"Transpose, mean write the rows as columns"

c- Then, the inverse is:

R adjA
det A

Example: Find the inverse of the matrix

2 3 -4
A=1 2 3
3 -1 -1

Solution: Check the determinant:

2 3 1 3
detA=2
-1 -1 3 -1

since, the determinant not zero, then the matrix have inverse.

-3

+(—4){; 21‘=2(—2+3)—3(—1—9)—4(—1—6)=2+30+28=60

First find the matrix of cofactors of A:
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7

17

10 -10

11

7
10

I W LI
L3
,412=(—1)”3 _1‘:—1(—1—9)=10
S 2
,413=(—1)”3 _1‘=l(—1—6):—7
a=C ) Teiaea-g
-1 -1
Azz_(—1)2*2§ _T‘:(—1)4(—2+12)=10
L2003
/123=(—1)“3 _1‘=—1(—2—9):11
a3 -4
/13]=(—1)312 3‘:1(9+8)=17
Ay, =(-1)7 2 _4‘ ——1(6+4)=-10
1 3
2 3
A, =(-1)" =1(4-3)=1
S0 i)
110 -7
cofA=|7 10 11
17 -10 1
1
adjd = (cof4)" =| 10
~7
,,:ade:i 10
detd 60

Note that: A4 = A'A=1
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H.W

1. Find the inverse of the matrix:
1 8 9

A=|10 4 6
0 0 3

2. Solve the following system of equation:

x+8y+9z=10
4y+6z=10
3z=-10
Answer :
1 -2 1
1.47 =0 -l
4 2
0 0 1
L 3

2x=-20,y =E,z= _10
2 3
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Chapter Eight

Complex Numbers

10.1 Introduction:

Complex numbers are expression of the form (a+ib), where a and b are real

number and, i is a symbol for J-1.
1. In the system of all integer, we can solve all equations of the form x+a=0,
where (a) may be any integer.
2. In the system of all rational numbers, we can solve all equations of the form
ax+b=0, a#0.
3. In the system of the form ax’+bx+c=0, having a=0, and b’>-4ac>0, we can

solve this equation by:

—bFAb* —4dac
X = 5 .. (D
a

If the discriminate, d=b"-4ac is negative, the solution of equation (1) do not belong
to any of the system discussed above. In fact, the very simple quadratic equation
x*+1=0 is impossible to solve by any way discussed above. Thus, the fourth invented
system, the set of complex numbers (a+ib), we call, a, the real part, and b, the
imaginary part.

10.2  Definitions:
1. Equality: atib=c+id, if and only if, a=c and b=d.

2. Addition: (a+ib)+(c+id)=(a+c)+i(b+d).

3. Subtraction: (a+ib)-(c+id)=(a-c)+i(b-d).

4. Multiplication:(a+ib).(c+id)=(ac-bd)+i(ad+bc). And,

c(atib)=ac+ibc.

5. Division: To reduce any rational combination of complex numbers to a single

complex number, we apply the laws of elementary algebra, replacing i* by -1.

c+id (c+id)a—ib) B (ac + bd )+ i(ad - bc)

a+ib  (a+ib\a—ib) a’ +b’
The result is a complex number X+iY, with X = M,and Y = M .
a +b a +b

The number a-ib is called the Complex Conjugate of a+ib, it denoted by z.
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z=a—ib,= The complex conjugate of denominator.
10.3 Argand Diagram:
There are two geometric representation of the complex number z=x+iy:

a- As the point p(x,y) in the xy-plane.

b- As the vector OP from origin to P.

4 x-axis is real axis
y-axis is imaginary axis.
P(x,y)
r
y
6 >
X
Argand Diagram

e In term of polar coordinate of x and y we have, x =rcos@,and,y =rsiné,

and, z=x+iy =r(cos@+isinf).
e Absolute value of complex number x+iy is the length r of vector OP from

origin to P(x,y), .. |x + iy| =yx*+y* =r.

e Polar angle O is called argument of z and written as € =argz.

Useful Identity:

l.e’’ =cos@+isiné
2.6’01 .eiﬁz _ ei(91+92)

.2 .3 2. . 4 2.2
3ic=-1i"=ii=—-i,i" =i"i" =1,....etc

- 2
4zz= |z|
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10.4  Product, Quotient, Power and Roots:

"=posthising i

e =cosf+isinG
FEo g, Seivie )

e'%=cos0+isind e'%=cosO+isind

Argand diagram for ¢ as a vector Argand diagram for ¢asa point

Products: To multiply two complex number, in polar coordinates, we multiply their
absolute value and add their angles. Let:

— i _ . it
z, =ne'’ and,z, =rye

|zl| =r,=argz, :491,and,|zl| =r, =>argz, =0,
Then,

i0, _ i(6,+6,)

’plre =rre
) 1

z,z, =he

|lez| =nr, = |Zl|'|ZZ

,and, arg(zlz2 ) =6, +0, =argz, +argz,

Example: Let z, =1+i,and,z, = V3-i , plot these two complex number in Argand
diagram and find their products.

Solution: generally, z=x+iy, then:

Forz;: For z;:
x =1 X, = \/5
=1 y, =-1

r1:Vx12+y12:\/5 ]/'2: 2+y2:2

1
cos@ =21 \/g
T sy =32=
T
0 == . /4
1 4 ..92=—g

52,2, =1 "0+ = 2\/5.€[i17igj = 2\/§.€[IE) = 2\/5.£cos% +isin %) = (2.73+0.73i)
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The product of two complex number is represented by a vector whose length is the

product of the length of two factors |zlzz| =nr, = 242

-Iluj
i __r‘l'l.lL
H-?;!‘;’]_?.,p._—_.:?‘-
s .-"': '
f"l-l 1'1"‘__ L 1
3= :
-t Elz i
k| "-”I -I 4rd B S
-
.
&
&
=1 A, E-ﬂ -‘.I_f—;
L

Quotient: Suppose 1,70, then,

i%

A _he  _Nh o ie-0)
i0, .

z, e 7y

and,

al_n_[l

2 h |Zz|

arg(iJ =0, -0, =argz, —argz,

Z;

That is, we divided the lengths and subtract angles.

Example: Let z, =1+i,and,z, = 3 —i. Find the division.

Solution:

z, \/5_1' 71%

. N 57
7 1+i Z\/E.e ——\/E.e 12.=0.707 coss—”+isin5—” =0.183+0.683i
) > 12 12
e

Powers: If n is a positive integer, then, z" =z.z.z....z, (n factors). For z=rele, we

obtained:

z" = (r.e“g )n =r"e"’ ()
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If we place r=1 in equation (2), we obtain the DeMoiver's Theorem:

(cos@+isinB)' =cosn+isinnd

For example, if n=3, then, (cos®+isin@)’ = cos36 +isin36.

Roots: If z=re“, is a complex number different from zero, and n is a positive integer,

then there are different complex number wy, w;, Wy, ... Wy, that are the n® roots of z.

All the n" roots of z=re'’, are given by:

e =

Example: Find the four fourth roots of -16.
Solution:

z=-16=x+iy

)

x=—-16,and,y =0=..r=1x" +y> =/(16) +(0) =16, cos@=2=-1= 0 =1
r

fourth,root,.. n = 4,and
four,roots,.. k =0,1,2,3.

i(g+k2—”]
S Alre =4lrett "

And the four roots is:

at,k=0

{ %027 i
:‘{/ﬁ.e(“ 04) e? (COS——i—lSln%j:\/E(l-i-i)
k=1 wi

w, = 2(cos3—”+zsm—J V2(-1+i)
4

k=2

Wwo

w, :2(coss—ﬂ+isin5—”j=\5(—l—i) N
4 4
k=3

w, =2 cos7—7[+isin7—7r =\/§(l—i) w2
’ 4 4

Mathematics 1

119

W3



Dr. Anees Abdullah e il

H.W:
1. Express the answer below in the form z=re".

l.ﬂ,and,
1-i

2(2+3i)1-2i)

Answer :

l.eiz,and,2.\/6_e”a"71(70"25)
2. Find the three cube root of 1.

Answer :

3. Find the three cube roots of -8i.

Answer :
2i—3—i,\3—i

4. If z= ? , find the real and imaginary parts of the complex number z + l
—i z

1 1 .
5. If zy =2+i,z, =-2+4i,and,z, = —+—, evaluate z3 in the form a+ib, and
Z 4

draw z,, z,, and, z; in Argand diagram.
6. If (2+3i)3—4i)=x+iy, evaluate x and y.
7. If (a+b)+(a—b)i = (2+5i)° +i(2-3i), find the values of a and b.

8. When z, =2+3i,z, =3—4i,and,z, =—5+12i then z = z, + —22

A E=Iz,

Z, +z,
find E, when /=5+6i.

R, +wLi R
9. If DT 2 where, R,R,,R,,R,,®,L,and,C are real. Show that,

10.If Z,and,Z are conjugate complex numbers, find two complex numbers

Z =7,,and,Z = Z, that satisfy the equation 377+ 2(Z - E)z 39+12i.
11.Find the values of x and 'y that satisfy the equation
(x+y)+(x—y)i=14.8+6.2i
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Chapter Nine

Vectors

9.1 Vectors in the Plane:
A vector in the plane is a directed line segment. We call two vectors "equal" or

"the same" if they have the same length and direction.

B
At

A

v
The four arrows have the same length and direction. They, therefore represent the

same vector, and we write AB —CD =OP = EF .

Geometric Addition: The Parallelogram Law

Two vectors V| and V, may be added geometrically
V, = Eé,ana’,V2 = BC
then,V, +V, = AB+BC = AC

Vi+V,
\£
B
Vi
A

This addition is some times called the parallelogram law of addition because V+V,

is given by diagonal of the parallelogram determined by V; and V,.

Mathematics 1 121



Dr. Anees Abdullah e il

Components:

A vector V can be written as the sum V= V+V,, the vectors V; and V, are said to be
components of V.

The most common algebraic of vector is based on representation of each vector in

terms of component parallel to the axes of Cartesian coordinate system.

A

aitbj

ai
0,1)]

(0,0) 1 V(O,l) X

o

v

e Along x-axis we choose vector i from (0,0) to (1,0) is one basic vector.
¢ Along y-axis choose vector j from (0,0) to (0,1) as second basic vector.

e Then ai and bj is scalar represents a vector parallel to x- and y-axis.
Then, the vector V = AC is the sum V =ai+bj. We call ai and bj the vector

components of V in the direction of i and j. The numbers a and b are called the scalar

components of V in the direction of i and j.

Definition:

Equality of vectors (Algebraic Definition)

‘ai+bj =a'i+bj=>a=a',and,b=">'

That is, two vectors are equal if and only if their scalar components in the direction of

i and j are equal.

Algebraic Addition:

Two vectors may be added algebraically by adding their scalar components

Vi=ai+bj,and,V, =a,i+b,j
V4V, =(a,+a,)i+(b +b,)j
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bli

a2i (b1+b2)j

V,
blj

ali

(al+aZn

Example: (21 —4;)+(5i+3/)=2+5)i+(-4+3)j=7i—j

Subtraction:
The negative of vector (V) is the vector (-V) that has the same length but opposite
direction. To subtract a vector V, from a vector V;, we add -V, to V;.
This may be done geometrically by two methods:
1. Drawing —V, from the tip of V; and then drawing the vector from initial point

of V| to the tip of V5.

B
AD = AB + BD
=V1+(_V2) Vi V2
=V1_V2

A V-V, D
2. Draw V; and V; both with a common initial point and then draw the vector

from the tip of V; to the tip of V.

C V-V, _ B
CB =CA+ 4B -
==V, +V V, N
=V, =V,
A

In the term of component, algebraic subtraction:

‘VI -V z(al _az)i+(b1 _bz)j|

Example: (6i+2,)-(3i=5/)=(6-3)i+(2-(=5))j =3i+7/
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Length of a Vector:
Length of vector V=ai+bj is usually denoted by | V| :

V]=lai + b)) =Na® +5°

Example: |3i + 5j| =BV +(5) =49+25 = 34

Multiplication by Scalars:

‘c(ai +bj)=(ca)i + (Cb)j‘

Geometrically, cV is a vector whose length is | ¢| times the length of V:

|cV| = |(ca)i + (cb)j| = \/(ca)2 + (cb)2 = |c|\/a2 +b% = |c||V|

The direction of ¢V agree with that of V. If ¢=0, the vector cV has no direction.

Example: let c=2, and V=-3i+4; /

|V|—| 3l+4]| \l =9+16 =+/25=5

|2V|=|2(—3i+4j]=|—6i+8j|=1/(—6) +(8)" =/36+64 =100 =10=2//|
if ,c=-2
[-2V|=|-2(-3i+4j) =|6i -8, =+(6)" +(-8)" =100 =10 =|-2|/|

Zero Vector:

The zero vector 0=0i+0j is called the zero vector. It is the vector whose length is zero,
as we can see

|ai+bj|: a’+b*=0=>a=b=0

Unit Vector:

Any vector u whose length is equal to unit length used a long coordinate axes is called

a unit vector.

Mathematics 1 124



Dr. Anees Abdullah e il

| =i+ 0j]=v1"+0° =1

] =loi+1j]=0* +17 =1

If u is the unit vector obtained by rotating I through angle 0 in the positive direction.
ux=cos 0 (horizontal component)

u,=sin 0 (vertical component)

So that, u= cos @i+ sin )

(0,1
jsin®

icosO

Direction:

The direction of a non zero vector obtained by dividing a vector A by its own length.

A
Direction,of , A=+
4

A . . . . .
To see that — is indeed a unit vector, we can calculate its length directly:

4

I iA|=1
4

Length of — = ‘ = |
47 |4

Note that, the zero vector has no direction.

Example: Find the direction of vector A=3i-4j
Solution:

3l éi—i'
/ J_ 557

To check the length, we calculate:

3.4 |3) (4 [9 16 |25
—1 ——J = — + | — = _—t — = _— =
5 5 5 5 25 25 25
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Notes:

e [t follow from the definition of direction that two non zero vectors A and B

have the same direction, if and only if :

A =£ or A—H

—=—,0r,A=—==~
4 18 181

e Also, if A=kB k>0, then:
A kKB kB kB B

[ Jka| - [l[B] k|8 |
e We say that two non zero vectors A and B point in opposite direction if their

directions are opposite in sign:

A B

4 |8

Example: same direction

A=3i-4j,and,B =%i—2j = B=%A =or,A=2B
Example: opposite direction
A=3i-4j,and,B=-9i+12j=.. B=-34

Slopes, Tangent, and Normal:

The slope of vector that is not parallel to y-axis. Thus, when a#0, the vector V=ai+byj,

has slope can be calculated from the component of V as the number b/a.

. : 1 1
Example: Find the unit vectors tangent and normal to the curve y =—x’ +— at the
point (1,1).

Solution: slope of the line tangent to the curve at (1,1) is
=
2 2 a 2
sovector = V =2i+3j,has, slope = %
vector,length = |V| =422+3 =413

. V 2 . 3 .
counit,vector > U =—=—Ii+——

R
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The vector u is tangent to the curve at (1,1) because it has the same direction of V.

—u J 1s also tangent in opposite direction.

2 . 3
=] ——
V130 13

Slope of normal =— a__=z
b 3

3 2
sonormal,n = ———i+—j
NERENE
opposite,to,normal,—n = ii—i 1
pp b ) s \/E \/E]

A

e ~\

9.2 Modeling Projectile Motion:

Vv
A Vy=dy/dx
=) Vo
=
3 Vx=dx/dt
=
en
2 A
o
% Fy=m
-
< v
R3]
- .
Vosina
- »
» Lad
Vocosa
R p

A

Horizontal Range

The position of the projectile t seconds after firing is:

x = (v, cosal,and,y = (v, sina )t - %gt2
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Where:

vy: initial speed.

o angle of elevation or firing angle.

g: acceleration, 9.8 m/sec?, or 32 ft/sec’.

t: time.

Example: A projectile is fired over horizontal ground at an initial speed of 500 m/sec,
at angle of elevation of 60°. Where will the projectile be 10 seconds later?

Solution: vo=500 m/s, a=60°, and t=10 sec
x=(v,cosa )= (500)(%}(10) =2500m
y=(v,sina) - % gt’ = (500{?](10)—%(9.8)(10)2 =3840m

Then, after 10 sec., the projectile is 3840m in the air and 2500m down range.

Height, Range and Flight Time:

Example: A projectile is fired at an angle of elevation o and at initial speed v,. When
does the projectile reach its highest point? How high does the projectile rise?

Solution: the projectile reaches its heights point when its vertical velocity component

1S zero.

d ) vy sina
—y=v051na—gt=0:>t= 2

dt g

For this value of t, the value of y is maximum:

. {vo sina] 1 (v, sinoz)2
Yar = (v, sine -—g
g 2 g

Example: A projectile is fired over horizontal ground. When and where does it land?

Solution: To find when the projectile lands, we set y=0, and solve for t.
y=(v, sinoc)t—%gt2 =0
IRY sinoz—l tj—O

0 > g

2v,sina

g

cLeither,t =0,0r,t =
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Then, the projectile strikes the ground after |¢

2v, sina

g

Horizontal range R is obtained by evaluating x at this value of t.

x=(v,cosa)

2v_sina Ve .
~R=(v, cosa{"— =—sin2a

g g

2
S R= V—Osin 20
g

Example: What angle of elevation gives the maximum horizontal range?

Solution:

2

vy .
The value of R =—2sin2¢ , is greatest when;

g

sin2a =1=2a =sin"'1= 20 =90° = a = 45°

So, the maximum horizontal range achieved with:

H.W:

A projectile is fired at speed of 840 m/s, at an angle of elevation of 60°. How

long will it take to get 21 km down range?

Answer: 50 sec

A projectile is fired over level ground with an initial speed of 500 m/s at an

angle of elevation of 45°.

1. When and how far away will the projectile strike?
2. How high over head will the projectile be when it is 5 km down range?
3. What is the highest the projectile will go?

Answer: 1. 72.2 sec, 25510.2 m, 2. 4020m, 3. 6377.6m.

e Show that doubling the initial speed of projectile multiplies its maximum

height and range by 4.

e A golf ball leaves the ground at 30° angle at speed of 90 ft/sec. Will it clear the

top of 30 ft tree 135 ft a way?

Answer: No, y=29.9 ft
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9.2 Coordinates and Vectors in Space:

Cartesian coordinates:

A
Z
zZ=constant
0,0,z) /
| 4
.................................. P(X,y,Z)
(0 0 -
AN A Ay 4 Ll
4 y
A
(x,0,0) y=constant
X 1
X=constant

Example: identify the set of points P(x,y,z) whose coordinate satisfy the two
equations X +y*=4 z=3
Solution: the point lies in the horizontal plane z=3, and in this plane, make up the

circle x*+y*=4.

Z A
X4y’ =4, 7=3
(0,2,0)
> Y

-

V X2+y2:4’ ZZO

Vector in Space:

The directed line segments we use to represent forces, displacements, and velocity
in space are called vectors just as they are in the plane. The same rules of addition,

subtraction and scalar multiplication are applied.
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typical point P(x,y,z) is:

A‘:\)L‘L}:— \_,..csf )
The vectors from the origin to the points (1,0,0), (0,1,0) and (0,0,1) are the basic
vectors. We denote them by 1i, j, and k. The position vector R from the origin to the

R=xi+yj+zk
The Vector between Two Points:

— —

PP,=PO+P,0=0P,-OP,

=Xyi+y,jtz,k—xi—y j—zk :(xz _xl)i+(y2 _yl)j+(z2 —Zz )k
SO, the vector from P](X],Y],Z]) to Pz(Xz,y2,Z2):

ﬁ:(xz _xl)i+(y2 _yl)j+(z2 _Zl)k
yA

\ PZ(X29y2722)
OP2 “‘
k4

»
>

]
X

OP,
Length and Direction:

" P1(X1,Y1521)

Aitbj+ck

As in the plane, the important feature of a vector is the length and direction. The

length of vector ai+bj+ck is calculated by applying the Pythagorean Theorem Twice.

‘A_C"‘ =|ai+bj|:x/a2 +b’

|ai+bj+ck|=‘E‘: ‘A—C2 +‘C—D

The length of vector A=ai+bj+ck, is

2
=+a’ +b* +¢?

|A|=|ai+bj+ck|=\/a2 +b* +¢?
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Example: Find the length of A=i-2j+3k

Solution: ] =|i =2 +3k| = /(1)* +(=2) + () =+1+4+9 =/14.

The direction of a non zero vector A is the unit vector, obtained by dividing A by its

length| Al .

A
Direction,of , A=

4
Example: Find the direction of A=i-2j+3k
Solution:
The length is |4] = |i—2j +3k = (1) + (— 2 +(3) =1+4+9 =14

L A 2] + 3k .

Direction,of ,A=— = -27+3k

Example: Find a unit vector u in the direction of the vector form P;(1,0,1) to
P»(3,2,0).

Solution:

PP =(x,—x)i+(y, =)+ =z )k =3-1)i+(2-0)j +(0-1k =2+ 2 —k

RE| =) +() +(-1] =4+ 4+1=+0=3

PP 2z+2] k_2 2.1

i+—j——k
3 3773773

If we multiply a vector 4 =a,i+a,j+ a,k , by a scalar c, the length of cA is | ¢ times
the length of A. the reason is that:
cA =caji+ca,j+cak

So,

2 2 2 2 2 2 2 2 2
c’a; +c'a; +ca; =|c|\/aI +a, +a; =|c||A|

Example: Find a vector 6 units long in the direction of A=2i+2j-k.

Solution:
i=6 2i+2j—k :62i+2j_k:4i+4j—2k
4 JeP +@) +(-1) 3
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Distance in Space:

The distance between two point P; and P, in space is:

z\/(xz -x ) +(y, _y1)2 +(z, —z,)

Example: Find the distance between P1(2,1,5) and P,(-2,3,0).

[T

Solution:
‘ﬁ =\/(x2 _x1)2 +(y2 _y1)2 +(Zz _Zl)2

= J(2-2P +(3-1 +(0-5) =+16+4+25 =/45 =345

9.3 Dot Product:
The dot product of two vectors, also called scalar products because the resulting

products are numbers and not vectors.

F cgsG
P > Q

The work done by constant force F during displacement FQ, is, (IF | cos QXP_Q" .

Definition: Scalar or Dot Product A.B of two vector is:-

AB= |A||B| cosd

Where 0 measures the smaller angle made by A and B.
Notes:
¢ In words, the scalar products of A and B is the length of A times the length of
B times cosine the angle between A and B.
e Dot product of two vectors is positive when the angle between them is acute,

and negative when the angle is obtuse.
e For the same vector A, 6=0, so that, 4.4 = |A||A|cos 0= |A||A|(1) = |A|2 .

Calculations: To calculate A.B from the components of A and B, we let

A=aji+a,j+ak

B=bji+b,j+bk B
C=B-A=(b~a,)i+(b, ~a,)j+(b, —ay )k /
0 =B-A
x »

AB=ab, +a,b, + a3b3|
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Example: Find the angle 6 between 4=i-2j-2k and, B=6i+3j+2k.
Solution:
AB = ab, +a,b, +a,b, =(1)6)+(-2)3)+(-2)2)=6-6-4=-4
A =a> +b* +c* =T+4+4=9=3
B =6 +37 +2> =36+ 9+4 =49 =7
.. A.B =|4|B|cos &

AB -4 -4 —4

———=—=..60=cos —=101"
21

cosf=——=
4|8 (3)7) 21

Laws of Multiplication:

AB=B.A4
(cA).B = A(cB)=c(A.B)

If C=cji+cyj+c;k, is any third vector then,

A.(B+ C)= al(b1 +cl)+ az(b2 +cz)+ a3(b3 +c3)

= (arlb1 +a,b, +a;b, )+ (alc1 +a,c, +a,c, ) =AB+AC
. A(B+C)= AB+ AC|

And also,

(4+B)(C+D)=AC+AD+BC+BD

Orthogonal Vectors:

Two vectors whose scalar products is zero are said to be orthogonal. From the

equation, 4.B = |A||B| cos @, we can see that neither |A|,n0r,|B| is zero, therefore, A.B

is zero if and only if cos6=0, that is when 6=90°.

Example: Are the vector 4=3i-2j+k and B=2j+4k, orthogonal?
Solution:
AB=(3)0)+(-2)2)+(1)4)=-4+4=0
Yes, they are orthogonal.
Vectors Projection and Scalar Components:
The vector we get by projecting a vector B on to the line through a vector A is

called the vector projection of B on to A.
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> > A <« 6 <\
Length=| B/ cosf length=- B cos®

If B represents a force, then the vector projection of B on to A represents the effective
force in the direction of A.
e When 0 is acute, length of vector projection of B on to A (projaB) is | B coso.
e When 0 is obtuse, length of vector projection of B on to A (projaB) is
-| Bl cosé.

e The number| B/ cos® is called Scalar Component of B in the direction of A.

AB =|A|B|cos6 = (+ |A|)

|B|cos¢9 = 4B = i
44
A useful way to find projaB is:
proj B = %A Note that, | 4" = 4.4

Example: Find the vector projection of B=6i+3j+2k, on to A=i-2j-2k, and the scalar
component of B in the direction of A.

Solution:
A.B
roj ,B=——4
proj, A

6—6-4 4 4
OO i k) =m0 —2k) =2+ S i Sk
1+4+4(l J=2) 9(l J~2) 9' "9/

The scalar component of B in the direction of A is
A 1. 2. 2

~.|Blcos@ = B. = = (6i+3j+2k).(—i—— '——kj =(2—2——] =—=
|4] 3737 3

9.5 Cross Products:

Ax B = n|A||B| sin @

e 1 is a unit vector.

e The vector product of A and B is often called the cross product of A and B.
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e Dot product A.B is scalar, while AxB is a vector .

e If 0 approaches 0° or 180° the length of AxB approaches zero, therefore,
AxB=0 if A and B are parallel.

> B

AxB

[Bx A=—(4xB)|
Therefore, cross product is not commutative.

When we apply cross product to the unit vector i, j, and k.
ixj=—(jxi)=k

jrk=—(kxj)=i 1
kxi:—(ixk):j
ixi=jxj=kxk=0

v

<a

VA 4

| AxB | is the Area of Parallelogram:

Because n is a unit vector, the magnitude of AxB is:

“A x B| =|n] 4| Bsin 6] =| 4| B|sin 9”

This is the area of parallelogram determined by A and B.

|A| is the base of parallelogram. A 7TTTTTTTITIIIITITIIIIT IO 4

|B|sin 6| is the height.
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Vector Distribution Laws:

A><(B+C)=A><B+A><C
and,
(B+C)xA=BxA+Cx A

The Determinant Formula for AxB:

We can use the following rule to calculate AxB from the component of A and B.

IfA=a1i+a2]'+a3k, and, B:b1i+b2f+b3k, then

i j ok
AxB=|a, a, a,
bl b2 b3

Example: Find AxB and BxA if, A=2i+j+k, and B=-4i+3j+k.

Solution:

11

AxB=la, a, a,|=|2 1 i—
1 2 3 31

b, b, by |-4 3
BxA=—(AxB)=2i+6j-10k

i k| |i ok
lz‘
1

2 1. |2 1
i+ k=-2i—6j+10k
4 1 |-4 3

Example: Find the area of triangle whose vertices are P(1,-1,0), Q(2,1,-1) and R(-
1,1,2).

Solution: AZ

A

v

The area of triangle PQR=%‘P—Q X ﬁ‘
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PO=02-1)i+(1+1)j+(-1-0k =i+2j—k

PR=(-1-1)i+(1+1)j+(2-0%k =—2i+ 2+ 2k
i j ok
— — 2 -1 |1 -1, |1 2
POxPR=|1 2 -1= i— Jj+ k = 6i + 6k
, 5 | 22l 2 2f 2 2

. Area = %‘P—Qxﬁ‘ = %|6i+ 6k| = %\/7_ = %1/(36)(2) =32

Example: Find a unit vector perpendicular to both 4=i+2k and B=2i-2j.

Solution:
i j ok

AxB=1 0 2|=4i+4;-2k
2 =20

|AxB|=16+16+4 =36 =6

_AxB _4i+4j-2k 2. 2. 1

n= = SitZj-—k
|4x B 6 3373
A
»
A z
< ““——’—_ \\ Vy
4 N,
B \\
\\\1’l
X v <
H.W:

I. If OA=4i+3j,0B=6i-2j,andOC =2i— j, find, AB,BC,and,CA, and
deduce the length of the sides of the triangle
ABC. Ans.2i —5j,~4i + j,2i + 4 j; AB =29, BC = 17,CA4 = /20.

2. IfA=2i+2j—k,and,B=3i—6j+2k, find, A.B,and, A B.
Ans.—8,-2i—7j—18k

3. Find the direction of the vector joining the two points (4,2,2) and (7,6,14).

Ans.(0.2308i +0.3077 j +0.923k).
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4.

10.

If 2:2i+4j—3k,and,§:i+3j+2k, determine the scalar and vector

products, and the angle between the two given vectors.
Ans(8,17i =7 +2k,0 = 66” )

If 04 = 2i+3j —k,and,aé =i—2j+ 3k, determine, the value of &0—3, and

the product OAx OB in term of unit vectors, and the cosine of the angle

between 54, and,aé. Ans.(— 7,7(1’ e k), cosf = —0.5)

. Find the cosine of the angle between the vectors 2i+3j-k and 3i-5j+2k.

Ans.(cos 0=-0.4768)
find the scalar product (ZE), and the vector product AxB , when:
()A=i+2j—k,B=2i+3j+k,(2)A=2i+3j+4k,B=5i-2j+k.
Ans.(1)7,5i =37 —k,(2)8,11i +18j — 19k

Find the unit vector perpendicular to each of the vectors 2i-j+k, and, 3i+4j-k.

Calculate the sine of the angle between the two vectors.

3 5 11
Ans| — i+ j+ k,sin@ =0.997
( 155 155 \155 j

If A(1,-1,2), B(-1,2,2) and C(4,3,0), find the direction BA and BC, and hence

show that the angle ABC=69°. Ans.[ 2i=3j+0k Si+j- ZkJ

iz 30

If A=3i- j+2k,and ,E =i+3j— 2k, determine the magnitude and direction

of the product vector AxB , and show that it is perpendicular to the vector

C=9i+2)+2k. Ans{6\/§,w}

345
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Chapter Ten

Polar Coordinates

10.1 The Polar Coordinates System:
¢ One of the distinctions between polar and Cartesian coordinates is that while a
point in the plane has just one pair of Cartesian coordinates, it has many pairs
of polar coordinates.
e To define polar coordinates we first fix an origin (O) and initial ray from (O).

The each point P can be located by it polar coordinate pair (r, 0).

P(r,0)

Origin O 0 . Initial ray

So, polar coordinate P(r,0)
r: direct distance from O to P.
0: direct angle from initial ray to OP.
As in trigonometry, the angle 0 is positive when measured counterclockwise and

negative when measured clockwise. Note that angle of given point is not unique.

2 P(2,30°=P(2.-330°)

v

Negative Value of (r ):
There are occasion when we wish to allow r to be negative. That is why we say
"direct distance" from O to P.

The rays 6=30° and 6=210° make a line.
210°
30°
T >

/ P(2,210°=P(-2,30°)
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So, point (2,210°) can be reached by turning 210° counterclockwise from initial

ray and going forward 2 units. Or also can be reached by turning 30°

counterclockwise from initial ray and going backward two units.

The ray 6=30° and its opposite.

v

Example: Find all polar coordinates of the point (2,30°). Express the angle in radians

as well as degree.

(2,30°)=(-2,210°)

=(-2,-150°)=etc
210° 130° >
$/450°
To convert to radian measure:-
For r=2
30°+1x360=390° 30°-1x360=-330°
30°+2x360=750° 30°-2x360=-690°
30°+3x360=1110° 30°-3x360=-1050°
Then the polar coordinates (30°+2nx360°) n=0+1%2,......
For r=-2
-150° -150°
-150°+1x360=210° -150°-1x360=-510°
-150°+2x360=570° -150°-2x360=-870°
Then the polar coordinates (-2,-150°+nx360°) n=0=+1%2,......
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Example: Graph the sets of points whose polar coordinates satisfy the following

.. r
conditions:

L
1. E
—

! i
f
W

1

B
i

1
-3<r<2 %

.q‘-;"l

4,
2 g 37
3 4

(no restriction on r)

Cartesian vs. Polar Coordinates:
When we use both polar and Cartesian coordinates in a plane, we usually place the

polar origin at the Cartesian origin and take initial ray of the polar coordinates to be

. . V4 : . :
the positive x-axis. The ray & = > r > 0 is the nonnegative y-axis.

4
x=rcosf 2=
y=rsind pex. ) =P, @)
L
g,xz +yz —p? < B

x

tan@z% ll\xhj )
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Examples:
Polar Equation Cartesian Equation
rcosd =2 x=2
r* cos@sin @ = 4 xy =4
r*cos’@—r’sin’ 6 =1 xP -yt =1
r=142rcos@ y? =3x* —4x-1=0
r=1-costd xt oyt e2xty? 20 42007 =2 =0

Example: Find the Cartesian equation for the curve rcos(& - %] =3

Solution: we use the identity

cos(4— B) = cos Acos B +sin Asin B

A=0,B="
3

Sr cos[@ - zj =3
3

r(cos o0 cos% +sin @sin %} =3

rcos@.l+rsin 49.—3 =3
2 2

%x+%y:3:x+\/§y=6

Example: Replace the following polar equation by equivalent Cartesian equations,

and identify their graphs.

Solution:

l. rcos=—4=..x=-4 Vertical line through x=-4 on x-axis.
2.7 =4rcos@ = . x> +y’ —4x=0 Circle equation

3.

4
" 2cosf —sind
r(2cos@—sinf) =4
2rcos@ —rsinf =4
2x—y=4
y=2x-4
Line equation with slope m=2, and intercept b=-4.
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10.2  Graphing in Polar Coordinates:
Symmetry and Slope at the origin
Three kinds of symmetry in graph of an equation f{(r,0)=0:
1. Symmetry about the origin if the equation is unchanged when r is replaced by
-1, or when 0 is replaced by 0+

Ay
(.0)

(-1,0) or (1, 6+m)

2. Symmetry about x-axis if the equation is unchanged when 6 is replaced by -0,

or the pair (r,0) by the pair (-r,7-0).

AY
(r,6)

v
=]

(r,-0) or (-r,m-0)

3. Symmetry about the y-axis if the equation is unchanged when 0 is replaced by
n-0, or the pair (r,0) by the pair (-r,-0).

y A

(r,n-0) or (-r,-0) (r,0)

v

Example: Cardioids. Graph the curve » = a(l - cos#), a>0.
Solution: since cos(— 6?) = cos @, the equation is unchanged when 0 is replaced by -0,

hence the curve is symmetry about x-axis. Also, since
—1<cosf <1
S 0Lr<2a
and 0<0<r
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Then, make a table of » vs. 6, as follows:

0 r 3

0 0

i a

3 2

7z a g

2 - - =t >
2z 3a 249 . '

3 | 2 ' '

7 2a

The graph is symmetry about x-axis, then the complete graph is called a cardioids

because of its heart-shaped appearance.

Example: Graph the curve r =1+ cosg

Solution: since the cosine has period 27, we must let 6 run from 0 to 4.
A

0 r
0 2
V4 1 1~
2r 0 /
Iz 1 < >
2= N
The equation is unchanged when 0 is replaced by -6, —

gl

Then, the curve is symmetry about x-axis.
Example: Graph the curve » = asin 26

Solution: since, sine varies from 0 — 27, So, we let 0 varies from 0 > 7
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A , a
[ r K
0 0
— asin2.—=asin—=a /
4 4 2 A R
s asin2z =0
Symmetry:

r =asin20 =2asinfcos b
e Unchanged when 6 replaced by -6 or (r,0) by (-r,nm-0), because
sin(7 — @) = sin 0, and,,cos(z — @) = —cos@, ..symmetry about x-axis.
e Unchanged when (,0) replaced by (-1,-0), because
-r=a sin(— 29) = —asin 26, .".symmetry about y-axis.
e Unchanged when 0 is replaced by (6+m), because,

sin(@ + 77) = sin @ cos 77 + sin 7 cos @ = —sin &

cos(@ + ) =cos@cos—sinfsinz = —cosf
MJ;

Area between the origin and » = f (9), where,aa <0<

". symmetry about origin.

Then, the final figure is:

Area in the Plane:

A:I—rzde

Example: Find the area of the region enclosed by cardioids » = 1+ cos 49).

P(r,0)

R
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Solution:

71' 2r

a=[yrao=[4

0

= I(2+4cos¢9+2 1+00529 Jd J.3+4cos¢9+cos2t9)d¢9
0

1+cost9 *do = 2jl+200s0+cos 6’):1(9

NIH

sin 20

= [30 +4sin 0 + } = 67, unit,area
0

Example: Find the area inside the smaller loop of the limacon » =2cosé +1.

T

Solution: T.-:T o 4 )R

~
-

=

£l

YR INTEN PR INTERENEN

If we take half loop, we multiply the area by 2

A= 2]2%1”2410 = 2]i(Zcos6’+1)2 do = 2j|i(4cos2 0 +4cosO+ l)dﬁ
3 3 3

- 1[4M+4c059+1}19= [(3+4cos0+2c0s20)d0
27

2

3 3
=[36+5in 26+ 4sin 6];, = (377)—[2”—?%.?} = z—ﬁ
3

2

Or, we can the whole limits of integration without multiplication by 2, as follow:

4z

31 5 31 )
j— d0= [=(2cos0+1) dO ... etc
562 5.2

3
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Area Between Curves:

To find the area which lies between two polar curves from d = to 6 =3, we

subtract the integral of (% rd HJ from the integral (% rd 9] -

1 0= I

A:jz%(rz2 —1”12}1’9

a

v

Example: Find the area of the region that lies inside the circle r=1 and outside the
cardioids r=1-cos®.

. . T 7
Solution: The outer curve r,=1, the inner curve r;=1-cos0, and 6 runs from — — — —.

2

A= j%(rzz —r,z)ié?

(1—(1 —2cosf +cos’ 6?))176?

Il
N | —
—o [N

[N

N | —
—o N,
[\
(@)
o
7]
N
I
(@)
@]
7]
[N}
N
N
Il
N | —
—o N
N\
[\
(@)
@]
N
|
—_
—
+
(@)
]
7]
[\
N
&S/
N

SR
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